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Abstract

This paperappliesanapproachfor approximatingcontrolledstochasticdiffusionto hybrid

systems.Stochastichybrid systemsareapproximatedby locally consistentMarkov decision

processesthat preserve local meanandcovariance. A randomizedswitchingpolicy is intro-

ducedfor approximatingthedynamicsontheswitchingboundaries.Thevalidity of theapprox-

imation is shown by solving the optimal control problemof minimizing a costuntil a target

set is reachedusingdynamicprogramming.It is shown that usingthe randomizedswitching

policy, thesolutionobtainedbasedon thediscreteapproximationconvergesto thesolutionof

theoriginal problem.

1 Intr oduction

Many practicalsystemssuchas automobiles,chemicalprocesses,and autonomousvehiclesare

bestdescribedby dynamicsthat comprisecontinuousstateevolution within a modeof operation

anddiscretetransitionsfrom onemodeto another, eithercontrolledor autonomous.Suchsystems

ofteninteractwith theenvironmentin thepresenceof uncertaintyandvariability. Stochastichybrid

systemscan model complex dynamics,uncertainty, and multiple modesof operationsand they

cansupporthigh-level control speci�cationsthat arerequiredfor designof autonomousor semi-

autonomousapplications.

Our goal in this work is to developa systematicway to approximatestochastichybrid systems

that is amenableto computationalmethods.We extendthe approachpresentedin [19] to hybrid

systems.The basicideaof the approachis to approximatethe original processesby appropriate

Markov DecisionProcessesde�ned on a discretestatespace.The approximationis achieved by

� This work wassupportedby NSFCAREERAwardCNS-0347440.
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constructinglocally consistentMDPs that preserve local meanandcovariance.Basedon the dis-

creteapproximation,thestochasticoptimalcontrolproblemis solvedusingdynamicprogramming.

Giventhevaluefunctionfor thediscreteapproximation,a control law for theactualsystemcanbe

computedon-lineusingmulti-linear interpolation.Themainadvantageof theapproachis that the

controlbasedon thediscreteapproximationis directly relatedto theoriginalprocessesthroughthe

notionof local consistency andfurther, it is shown thatthesolutionconvergesto thesolutionof the

originalproblem.

Althoughtheapproachhasbeenalreadyappliedto severalclassesof stochasticsystems[19], to

ourknowledge,theapplicationto stochastichybridsystemsis novel. Theextensionof theapproach

to hybrid systemsfacesthe signi�cant challengeof approximatingthe dynamicsin the neighbor-

hood of the switching boundaries.The main contribution of this paperis the introductionof a

randomizedswitchingpolicy thatguaranteesunderappropriateconditionscontinuityof theswitch-

ing times.Basedon this idea,convergenceof theapproximatingprocessesto thestochastichybrid

processcan be shown using a straightforward extensionof the techniquespresentedin [19]. It

shouldbe notedthat the approachin [19] canhandlediscontinuousdynamicsanddiscontinuous

cost functions. However, it hasbeenrecognizedthat the approximationmethodin the neighbor-

hoodof the discontinuitysetsis a signi�cant issuesinceit affectsthe robustnessof the solution.

Our proposedmethod�rst transformsthepartitionof thestatespaceto a cover. Then,thediscrete

processthatapproximatesthehybrid systemis de�ned usingrandomswitchingtimes.Themethod

of transformingthe statespacepartition to a cover hasbeenusedalsofor removing Zenobehav-

ior from hybrid systemmodelsaswell asimproving therobustnessof estimationalgorithmsin the

presenceof processandmeasurementnoise[18]. Theadvantageswith respectto robustnessstem

from thecontinuityof analog-to-digitalmapsbasedon coversof thestatespace[21].

Several modelingparadigmsfor stochastichybrid systemshave beenalreadyproposed. A

stochastichybrid systemschemethat allows the continuous�o ws at eachdiscretelocationto be

characterizedby stochasticdifferentialequationsis describedin [16]. An extensionof this model

that satis�es a Markov propertyis presentedin [6] anda methodto studythe reachabilityprob-

lem is proposed.A similar modelbasedon piecewisedeterministicMarkov processesis presented

in [5] for studyinga probabilisticreachabilityproblem. Probabilistichybrid automataare intro-

ducedin [15] for estimationandfault diagnosis.CommunicatingpiecewiseMarkov processesare

proposedascompositionalspeci�cationsfor stochastichybridsystemsin [23] with anemphasison

modelingconcurrency. Applicationsof stochastichybridsystemsto air traf�c managementsystems

arepresentedin [22, 10]. A stochastichybrid systemwith applicationto communicationnetworks

is presentedin [14]. A modelingframework andasimulationenvironmentfor concurrentstochastic

hybridsystemsis presentedin [3]. Thedifferencesbetweenthesemodelsarein thewayrandomness

affectsthecontinuousanddiscretedynamicsandtheir interaction.

In thispaper, weconsideramodelsimilar to thatgivenin [16] but weassumethatthestochastic
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differentialequationsthatdescribethecontinuousdynamicsarecontrolleddiffusions.Theconver-

genceresultsareshown in the spaceof piecewise continuousfunctionsthat arecontinuousfrom

the right andhave limits from the left. To simplify the notation,we alsoassumethat the disper-

sionmatrix is independentof thediscretestateandcontrol. Finally, we consideronly autonomous

switchings.Controlledswitchingscanbe easilyincorporatedin the computationalmethodssince

they arebasedon discreteapproximationsand in the convergenceresultsarebasedon a relaxed

controlrepresentation.

To investigatethevalidity of theapproximationwe studytheoptimalcontrolproblemof min-

imizing a costuntil a target set is reached.Optimal control of hybrid systemshasattractedcon-

siderableattentionin computerscienceandcontrolengineering.Thereareboth theoreticalresults

andcomputationalmethodsdevelopedfor non-stochastichybridsystems.Optimalcontrolproblems

basedon a uni�ed hybrid modelhave beenformulatedin [4]. Themain resultin this work is the

derivationof generalizedquasi-variationalinequalitiesthatcharacterizetheoptimalsolutions.Sev-

eralapproachesincludingdiscretizationtechniqueshave beenproposedto solve theseinequalities,

however, ef�cient computationalmethodshave not beendeveloped. An approachfor control of

hybrid systemsbasedon calculusof variationsthatemploys chatteringapproximationsto optimal

controlsolutionshasbeenproposedin [9]. Severalotherdesignapproachesbasedon optimalcon-

trol have beenproposed[26, 7]. Theseapproachesarebasedon a hierarchicalstructureobtained

by imposingsimplifying assumptionson the system(for example,order of continuous,discrete

optimization)which often canbe restrictive. A formulationof the maximumprinciple for hybrid

systemshasappearedin [24]. Thereareadditionalapproachesto optimalcontrol [1] aswell asef-

forts to extendexistingresultsto stochasticoptimalcontrolmethods[2] but computationalmethods

have notbeenproposed.

Suf�cient andnecessaryconditionsfor thestochasticoptimalcontrolproblemof switchingdif-

fusionshave beenpresentedin [11]. Theseconditionsrequirethesolutionof a partialdifferential

equation(PDE) that cannotbe solved analyticallybut only in caseswherethe couplingbetween

the continuousanddiscretedynamicsis very simple. Controlledswitchingdiffusionshave been

usedto modelhybridprocessesin [12] anddynamicprogrammingequationshave beenderivedfor

thein�nite horizonstochasticoptimalcontrolproblem.Thesearecoupledelliptic equationsthatin

thegeneralcasecanbesolvednumericallyusingdiscretizationmethods.A dynamicprogramming

methodbasedon discretizationhasbeenalsoproposedin [13]. Our approachis alsobasedon dis-

cretizationbut it providesa signi�cant advantage.Thesolutionbasedon theapproximatingmodel

is directlyrelatedto thesolutionof theoriginalproblemthroughthenotionof localconsistency and

it convergesasthediscretizationbecomes�ner.

Themainresearchchallengethatarisesis thescalabilityof theproposedcomputationalmethods.

Thestatespaceof theapproximatingMDP increasesexponentiallywith thedimensionof thestate

space.This limits the applicationof the approachto low-dimensionalsystems.Developmentof
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ef�cient computationalmethodsfor analysisanddesignbasedon the locally consistentMDPs is

currentlyunderinvestigation.

The paperis organizedas follows. Section2 presentsthe stochastichybrid systemmodel.

Thestochasticoptimalcontrolproblemformulationis presentedin Section3. Theapproximating

methodis describedin Section4. Thediscretizedoptimalcontrolproblemis presentedin Section5.

Section6 containstheconvergenceresults.Finally, theapproachis illustratedin Section7 with a

simpli�ed 3-dimensionalexampleof acarwith two gears.

2 StochasticHybrid Systems

De�nition 1 A stochastichybrid system(SHS) is de�ned as (X ; Q; U; 
 ; A; f ; � ; � ; R; (x 0; q0))

where

� X � Rd is thecontinuousstatespace,

� Q; jQj = N is a �nite setof discretestates,

� U = f Uqgq2 Q ; Uq � Rmq is a collectionof continuouscontrolinput sets,

� 
 = f 
 qgq2 Q ; 
 q � Rd is apartitionof X ,

� A = f Aqgq2 Q ; Aq � @
 q is acollectionof autonomousswitchingsets,

� f : X � Q � Uq ! X and� : X ! Rd� p arethe controlleddrift vectorsanddispersion

matricesrespectively,

� � : Q � A ! Q is theautonomousswitchingmap,

� R : Q � A ! P(X )1 is a resetmapwhich assignsto eachq andx 2 Aq a resetprobability

kernelon X concentratedon 
 q0 whereq0 = � (q; x),

� (x0; q0) is aninitial probabilitymeasureonX � Q.

To de�ne theexecutionof theSHS,we consideranRp-valuedWienerprocess(Brownianmo-

tion) w(t) anda sequenceof stoppingtimesf t 0 = 0; t1; t2; : : : ; g thatrepresentthetimeswhenthe

continuousanddiscretedynamicsinteract.Let thestateat time t i be(x i ; qi ) = (x(t i ); q(t i )) with

x i 2 
 0
qi

2. While the continuousstatestaysin 
 0
qi

, x(t) is evolving accordingto the stochastic

differentialequation(SDE)

dx = f (x; q; u)dt + � (x)dw (1)

1P(X ) denotesthefamily of probabilitymeasureson X .
2
 0 denotestheinterior of theset
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where the discretestateq(t) = qi remainsconstantand the solution is understoodusing the

Itô stochasticintegral [20]. Let t i +1 = inf f t > t i : x(t) =2 
 0
qi

g. At t i +1 an autonomous

discretetransitionand a resetof the continuousstateoccur. The new discretestateis qi +1 =

� (qi ; x(t �
i +1 )) . Thenew continuousstatex(t i +1 ) is selectedrandomlyaccordingto theprobability

measureR(qi ; x(t �
i +1 ))(�) where� � 
 qi +1 is a measurableset. The evolution of x(t) is then

describedby the SDE (1) with q(t) = qi +1 andinitial conditionx(t i +1 ) until the next switching

time.

It is assumedthat the functionsf (x; q; u) and � (x) are Lipschitz continuousin x, then the

SDE(1) hasa uniquesolution. We alsoassumethatevery point x 2 A q is a regular point for the

autonomousswitchingsetAq. Notethatif x 2 Aq is regularfor Aq, thenasamplepathof (1) which

startsat x will not remainin Aq for a nonemptytime interval [17]. If x is regular for A q thenit is

alsoregularfor aneighborhoodof Aq aroundx andwecanconcludethat

lim
� ! 0

Z t

0
P[x(s) 2 N � (Aq)]ds = 0

whereN � (Aq) = f x : d(x; Aq) � � g andd(x; Aq) is theEuclideandistancebetweenx andAq. The

regularityassumptionensuresthatthesamplepathswouldtransversetheautonomousswitchingsets

andtherefore,we canconsiderthattheautonomousswitchingsoccurinstantaneously. A suf�cient

conditionfor the regularity assumptionis that the setA q hasdimensiond � 1 andthe diffusion

a(x) = � (x)� T (x) is non-degenerate.If a(x) is degenerate,it is possibleto satisfytheregularity

assumptionsby assumingthat the drift term f doesnot vanishin the switching boundary. Let

x(t i +1 ) bethecontinuousstateaftera discretetransition.We alsoassumethatfor every x(t i +1 ) 2

� ; d(x(t i +1 ; A) � � > 0 and 9� > 0 suchthat P(inf f t > t i +1 ; x(t) 2 Ag � � ) = 1 and

therefore,t i +1 � t i > � ; i = 1; 2; : : :, with probability 1. Finally, the continuouscontrol is a

measurablestochasticprocessu(t) takingvaluesin a compactset. Thecontrolpolicy u(t) is said

to be admissibleif (i) it is non-anticipative with respectto the Wienerprocessw(t), (i.e. u(t) is

independentof w(s) � w(t); 8s > t).

3 StochasticOptimal Control

In this section,we describethe problemof minimizing a costuntil a target set is reached.This

problemis usedto demonstratethevalidity of the discreteapproximationsproposedin thepaper.

Figure1 illustratestheoptimalcontrolproblem.ThetargetsetG � Rd is assumedto beacompact

setwith a smoothboundary@G which satis�esthesameregularity conditionsastheautonomous

switchingsets. Further, we assumethat x0 =2 G andG � 
 q for someq 2 Q. We de�ne the

stoppingtime� by � = inf f t : x(t) 2 @Gg. If thestoppingtime is not de�ned thenthevalueof �

is setto in�nity .
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Figure1: Optimalcontrolproblem

Givenastochastichybridsystem,atargetsetG, aninitial state(x 0; q0) at t0 = 0, andadiscount

factor� � 0 theoptimalcontrolproblemis formulatedastheminimizationof thecost

W (x0; q0; u) = E
� Z �

0
e� � sk(x(s); q(s); u(s))ds + e� � � g(x(� ))

�
(2)

with respectto theadmissiblecontrolsu(t).

Next, we describeanapproachfor stochasticoptimalcontrolbasedon dynamicprogramming.

To ensurethat thestoppingtime andthecost(2) arewell-de�ned andbounded,we assumethat if

� = 0 thenfor every initial state(x0; q0) thereexistsanadmissiblecontrolpolicy sothat thestate

will reachthetargetsetG. If � > 0 thecostwill beboundedevenif thestoppingtime is not.

Thevaluefunctionis de�ned by

V(x0; q0) = inf
u

W (x0; q0; u); x0 2 
 q0 :

Basedonastandarddynamicprogrammingargument,wecanformulatethefollowing result.Since

theinitial conditioncanbearbitrarywewill denotethevaluefunctionby V(x; q).

Theorem 1 Givena SHSandthecost(2), an optimaladmissiblecontrol policy u(x) mustsatisfy

theconditions

inf
u

�
r V (x; q)f (x; q; u) +

1
2

tr(r 2V (x; q)a(x))
�

= 0;

8q 2 Q; 8x 2 
 0
q

V (x0; q0) � V (x; q); 8q 2 Q; x 2 Aq; q0 = � (q; x); x0 � R(q; x)(�)

V (x; q) = g(x); 8x 2 @G; q 2 Q : G � 
 q:

In addition,thefollowing veri�cation theoremcanbeprovedin astraightforwardmanner.
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Theorem 2 Supposethat there exist V (x; q) twice differentiablein x, and boundedin 
 0
q and a

feedback control �u(x) such that theconditionsof Theorem1 holdandW (x; q; �u) is bounded.Then

V(x; q) is theoptimalcostand �u(x) theoptimalcontrol.

In practice,computingtheoptimalvaluefunctionV (x; q) canbevery dif�cult andusuallyre-

quirescomputationalmethodsbasedon discretizationof thestatespace.In this paper, we employ

adiscretizationmethodfor theapproximationof stochastichybridsystemsby appropriatelychosen

MDPs [19]. The SDE at every locationq of the hybrid systemis approximatedby a controlled

Markov processthat evolves in a statespacethat is a discretizationof the region 
 q. The crite-

rion which mustbe satis�ed by the approximatingMDP is local consistency. Local consistency

meansthattheconditionalmeanandcovarianceof theMDP areproportionalto thelocalmeanand

covarianceof theoriginal process.An approximationparameterh analogousto a ”�nite element

size”parameterizestheapproximatingMarkov process.As h goestozero,thelocalpropertiesof the

MDP resemblethelocalpropertiesof theoriginalstochasticprocess.Applicationof theapproachto

stochastichybridsystemsrequiresapproximatingthebehavior at theswitchingboundaries.Suitable

approximationsmustensureconvergenceof theapproximatingprocessesto theoriginal stochastic

hybridsystem.

4 Locally ConsistentMark ov DecisionProcesses

This sectionpresentsthe locally consistentMDP that will be usedto approximatethe SHS.This

work employs theapproximationmethodpresentedin [19] for computinglocally consistentMDPs.

Although this methodcanbe usedto approximatethe continuousdynamics,it cannotbe applied

for approximatingthebehavior at theswitchingboundaries.In this section,�rst we discusssome

necessarybackgroundfor theapproximationmethodof [19] thatwill beextendedfor approximating

SHSandthenwefocuson theapproximationat theswitchingboundaries.

4.1 Background Material

ConsidertheSDE(1) evolving in 
 0
q. Thelocalmeanandcovarianceon theinterval [0; � ] are

E[x(� ) � x] = f (x(t); q(t); u(t)) � + o(� )

E [(x(� ) � x)(x(� ) � x)T ] = � (x(t)) � T (x(t)) � + o(� ):

Let f � h
n g beanMDP on adiscretestatespaceSh

q � 
 q with transitionprobabilitiesdenotedby

p((x; q); (y; q)ju). A locally consistentMDP mustsatisfy

E [� � h
n ] = f (x; q; u)� th(x; q; u) + o(� th(x; q; u))

8



E[(� � h
n � E [� � h

n ])(� � h
n � E [� � h

n ])T ] =

� (x)� T (x)� th(x; q; u) + o(� th(x; q; u))

where� � h
n = � h

n+1 � � h
n ; � h

n = x and� th(x; q; u) areappropriateinterpolationintervals (or the

“holding times”) for theMDP. In general,thecontrolactionu cantake valuesin a compactsetin

sometopologicalspace.We saythata controlpolicy f uh
n ; n < 1g is admissibleif thechainhas

theMarkov propertyunderthispolicy.

The transitionprobabilitiesp((x; q); (y; q)ju) andthe interpolationintervals canbe computed

systematicallyfrom the parametersof the SDE (detailscan be found in [19]). In the casethe

diffusionmatrix a(x) = � (x)� T (x) is diagonalandfor a regulargrid whereei is unit vectorin the

i th direction,thetransitionprobabilitiesare

p((x; q); (x � hei ; q)ju) =
aii (x)=2 + hf �

i (x; q; u)
Qh(x; q; u)

(3)

andtheinterpolationinterval is

� th(x; q; u) =
h2

Qh(x; q; u)
(4)

whereQh(x; q; u) =
P

i [aii (x) + hjf i (x; q; u)j] anda+ = maxf a;0g anda� = maxf� a;0g

denotethepositive andnegative partsof a realnumber.

It shouldbenotedthatanMDP that is locally consistentwith theSDE(1) is not unique.Any

reasonableapproximationthatsatis�esthelocal consistency conditionscanbeused.Optimization

algorithmsfor MDPsemploy iterationin policy/valuespace.To performef�ciently theminimiza-

tion over the admissiblecontrolsat every iteration(seeSection5) it is desirableto eliminatethe

controldependenceu in thedenominatorsof thetransitionprobabilitiesandtheinterpolationinter-

val. This is alwayspossibleif theSDE (1) is af�ne in thecontrols[19] andcanbe accomplished

by de�ning �Qh(x; q) = maxu2 Uq Qh(x; q; u) andreplaceQh(x; q; u) by �Qh(x; q) in equations(3)

and(4).To ensurethatthetransitionprobabilitiessumto onefor eachx andu, we introduce

p((x; q); (x; q)ju) = 1 �
X

y;y6= x;q0;q06= q

p((x; q); (y; q0)ju):

It canbeshown thatthedifferencebetweentheold andthenew valuesof thetransitionprobabilities

is O(h) and therefore,the new transitionprobabilitiesand interpolationinterval arealso locally

consistentwith (1) [19].

4.2 Switching Boundaries

Themethoddiscussedabove approximatesthecontinuousdynamicsby discreteMDPsonly in the

interior of the regions 
 q. Approximatingstochastichybrid systemsrequiresde�ning the MDP

9



in theneighborhoodof theswitchingboundariesin a way thatpreserveslocal consistency. There

aretwo particularformsof switchingboundariesof interest,smoothhypersurfacesandboundaries

of polyhedralsetsthat have “corners”. Here,we considerthe caseof smoothhypersurfaces.The

methodcanbe extendedfor the caseof switchingboundarieswith “corners” in a straightforward

manneranddetailsareomitteddueto lengthlimitations. The main ideain this paperconsistsof

thefollowing steps:(i) transformthepartitionof theSHSto acover, (ii) de�ne appropriaterandom

switchingfunctionsfor approximatingthebehavior at theboundaries.

First, thepartition
 = f 
 qg is transformedto a cover. Considertheregion 
 q anddenoteits

boundaryAq as

Aq = f x 2 Rd : aq(x) = 0g

whereaq : Rd ! R is assumedto be a smoothfunctional. The functionalaq mustsatisfy the

condition r aq(x) 6= 0; 8x 2 Aq which ensuresthat the boundaryis an (d � 1)-dimensional

hypersurfaceseparatingthestatespace.Assumewithout lossof generalitythat8x 2 
 0
q we have

aq(x) < 0. Theregion 
 q is expandedto 
 0
q de�ned by


 0
q = f x 2 Rd : aq(x) � 
 (h) = 0g

where
 (h) > h > 0 for every h > 0 and
 (h) ! 0 ash ! 0. By expanding
 q to 
 0
q we obtain


 0 = f 
 0
qg; q 2 Q. Since

S
q 
 q �

S
q 
 0

q for every q, 
 0 is a cover of thestatespaceX of the

SHS.

Let f (� h
n ; qh

n )g be an MDP on a discretestatespaceS = f (x; q) 2 Sh � Q : x 2 
 0
qg with

transitionprobabilitiesdenotedby ~p((x; q); (x0; q0)) ju). For all states(x; q) suchthataq(x) < 0

(interior of 
 q), thesystemcannotswitchandthetransitionprobabilitiesarecomputedsothat the

MDP is locally consistentwith thecorrespondingSDE.Hence,8(x; q) 2 S : aq(x) < 0 wehave

~p((x; q); (x � hei ; q)ju) = p((x; q); (x � hei ; q)ju);

~p((x; q); (x; q)ju) = p((x; q); (x; q)ju)

and

~p
�
(x; q); (x; q0)ju

�
= 0; if q 6= q0:

Theswitchingbehavior of theSHSis approximatedby introducingrandomswitchingtimesand

discretizingthe resetmaps. For eachboundaryA 0
q = f x 2 Rd : aq(x) = 
 (h)g, we de�ne the

switching rate function� q(x) suchthat � q(x) is continuouson Oq = f x 2 Rd : 0 � aq(x) �


 (h)g, � q(x) = 0 if aq(x) = 0, and � q(x) ! 1 asx ! A0
q. We alsoapproximatethe reset

mapR(q; x)(�) by a discretetransitionprobabilitykernel. If a discretetransitionsq ! q0 occurs,

thenext continuousstateis selectedrandomlyfrom thegrid pointsthatbelongto � accordingto a

uniformdistribution. Let x i 2 � ; i = 1; 2; : : : ; � , then

p((x; q); (x0; q0)ju) =

(
1=� if x0 2 �

0 otherwise
:
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Considertheinterpolationintervals � � h
n = � th(� h

n ; qh
n ; uh

n ), wede�ne theprocessf qh
n g

P[qh
n+1 changesin � � h

n jqh
n ; � h

n ; uh
n ] =

8
>><

>>:

1; if � h
n 2 A0

qh
n

1 � e
� �

qh
n

(� h
n )� th (� h

n ;qh
n ;uh

n )
; if � h

n 2 Nh(A0
qh

n
) \ 


00
qh

n

0; otherwise

:

Basedon the randomswitching timesand the discretizationof the resetmaps,8(x; q) 2 S

suchthat 0 � aq(x) � 
 (h) the transitionprobabilitiesof the approximatingMDP for states

(x; q); x 2 Oq arede�ned as

~p
�
(x; q); (x0; q0)ju

�
=

8
>>>><

>>>>:

(1 � e� � q (x)� th (x;q;u))p((x; q); (x0; q0)ju);

if q 6= q0andx0 2 �

e� � q (x)� th (x;q;u)p((x; q)(x0; q0)) ;

if q = q0and = x � hei

:

By the constructionof the switching rate function, as h ! 0, the cover f 
 0
qg convergesto the

originalpartitionf 
 qg andtheapproximatingprocesspreserveslocal consistency.

4.3 Boundary of the TargetSet

Wealsode�ne arandomstoppingrulewhenthestateapproachestheboundaryof thetargetsetG �


 qf . Theprocessstopsatstepn with probability1 � e� � G (� h
n )� th (� h

n ;qh
n ;uh

n ) if � h
n 2 Nh(@G) \ 
 0

qf
,

andwith probability1 if � h
n 2 @G.

4.4 Re�ective Boundaries

In practicalapplications,thephysicalprocessis usuallyconstrainedin a boundedstatespace.Re-

�ecti ve boundariesareintroducedto approximatesuchconstraints.For theapproximatingMDPs,

the constraintsaremodeledasre�ective (or constrained)boundariesequippedwith re�ection di-

rectionsthat point into the statespace.The processis re�ected backwhenit tries to violate the

constraints.Localconsistency canbesatis�edat there�ectiveboundariesin astraightforwardman-

nerby computingthetransitionprobabilitiesbasedon there�ection directions[19]. It is assumed

that thetransitionprobabilitiesdo not dependon thecontrolsandthat there�ectionsoccurinstan-

taneouslyandhence,thecorrespondinginterpolationintervalsarezero.
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5 Computational Methods for Optimal Control

Wehavedescribedhow to approximatetheoriginalstochastichybridsystemby alocally consistent

MDP. For the optimal control problem,onealsoneedsto approximatethe original cost function

by onewhich is appropriatefor theMDP. Then,numericalalgorithmscanbe usedto computean

optimalvaluefunctionanddesigna feedbackcontrollerfor thesystem.

ConsidertheapproximatingMDP f � h
n ; qh

n g with transitionprobabilities~p((x; q); (y; q0)ju) and

denote� h thestoppingtime representingthat � h
n reachesthetargetsetG. Then,assumingthat the

discountingis constantin theintervals[t h
n ; th

n+1 ) thecost(2) canbeapproximatedby

W h(x0; q0; u) = E

" � hX

n=0

e� � th
n c(� h

n ; qh
n ; uh

n ) + e� � th
� h g(� h

� h
)

#

wherec(� h
n ; qh

n uh
n ) = k(� h

n ; qh
n ; uh

n )� � h
n .

Assumingthat the above sumis well-de�ned andbounded,minimizing the cost is a discrete

problemthat canbe solved usingstandarddynamicprogrammingalgorithmsbasedon policy or

valueiterationmethods.If � = 0 thenit is requiredthatthetargetsetG is reachablefrom theinitial

state. Reachabilityis satis�ed if for the initial state� h
0 2 X n G thereexists a control sequence

f uh
ng; n < 1 andapathf (� h

0 ; qh
0 ); (� h

1 ; qh
1 ); : : : ; (� h

� h
; qh

� h
)g suchthatthe

P(� h
n 2 Gj� h

0 ; qh
0 ; uh

0 ; : : : ; � h
� h � 1; qh

� h � 1; uh
� h � 1) > 0:

Sincethestatespaceof theapproximatingMDP is assumedto be �nite, reachabilityof the target

setcanbetestedusingthetransitionprobabilitymatrix.

Wecande�ne theoptimalvaluefunction

V h(x0; q0) = inf
u

W h(x0; q0; u)

andusingastandarddynamicprogrammingargument,wecanderive theequation

V h(x; q) = min
u

2

4
X

y;q0

~p((x; q); (y; q0)ju)V h(y; q0) + c(x; q; u)

3

5

if x 2 X n G andV h(x; q) = g(x), if x 2 G

For there�ective boundaries,we have consideredthat the transitionprobabilitiesareindepen-

dentof thecontrolandthe re�ectionsareinstantaneous.Let the re�ections bede�ned by a setof

vectorsof unit lengthr q(x), acostcT
r (x)E [� � h

n ] is associatedwith there�ectiveboundarysuchthat

cT
r (x)r q(x) � 0 andcT

r (x) � 0 elementwiseto approximatethecostof theunconstrainedprocess.

Theequationfor theoptimalvaluefor pointon there�ective boundariesis

V h(x; q) =
X

y;q0

~p((x; q); (y; q0))V h(y; q0) + cT
r (x)E [� x]:

12



Theoptimalvaluefunctioncanbecomputedby thevalueiteration

V h
n+1 (x; q) = min u

2

4
X

y;q0

~p((x; q); (y; q0)ju)V h
n (y; q0) + c(x; q; u)

3

5

with theboundaryconditionsdescribedabove. ThevaluefunctionV h(x; q) is a discreteapproxi-

mationof theoptimalcostfor thehybridsystem.Finally, giventhediscreteoptimalvaluefunction,

a feedbackcontrolschemecanbedesignedfor computingu(x). For (x; q) with x 2 
 q, thecontrol

law is givenby

u(x) = argmin
u

�
@V h(x; q)

@x
f (x; q; u) + k(x; q; u)

�
(5)

Thegradientof V h(x; q) canbeapproximatedasaweightedfunctionof thedifferences� V h of the

valuesat thegrid points.Theadvantageof thediscretizationmethodbasedonthelocally consistent

MDPsis that thecostof theapproximatingdiscrete-timeprocessconvergesweaklyto theoriginal

costasshown in Section6.

6 Convergence

Giventheapproximationparameterh, theSHShasbeenapproximatedby a locally consistentMDP.

Theoriginalcosthasbeenexpressedin termsof theMDP andcomputationalmethodscanbeusedto

computetheoptimalvaluefunctionV h(x; q). In thissection,wewill show thatV h(x; q) converges

to theoptimal valuefunctionV (x; q) of theoriginal problem. Convergenceof theapproximating

processesfor control diffusionshasbeenshown in [19]. We extendthis approachto addressthe

dif�culties thatarisedueto thehybriddynamics.

6.1 Convergenceof the Approximating Processes

Considerthelocally consistentapproximatingprocessf � h
n ; qh

n g andtheoptimalcontrol input f uh
n g

anddenotef th
i g thesequenceof switchingtimes.First,acontinuoustimeinterpolationf  h(t); qh(t)g

is constructedsothatf  h(t)g is a Markov process.This will allow theconstructionof theWiener

processw(t) ash ! 0. Denotethemomentsof changeof  h(t) by � h
n ; n < 1 with � h

0 = 0. To

ensurethat h(t) is aMarkov process,theinterpolationintervals� t h(x; q; u) areconsiderednot to

bedeterministicbut they aredescribedby anexponentialdistribution with mean� t h(x; u), i.e.,

P[� � h
n � t j� h

n = x; qh
n = q; uh

n = u] = 1 � e
� t

� t h ( x;q ;u )

E[� � h
n j� h

n = x; qh
n = q; uh

n = u] = � th(x; q; u):

13



Usingthesenew intervalswe de�ne

 h(� h
n ) = � h

n ; n < 1 (6)

 h(t) =
X

i :� h
i +1 � t

� � h
i + � h

0 (7)

and

qh(t) = qh
n ; t 2 [� h

n ; � h
n+1 )

uh(t) = uh
n ; t 2 [� h

n ; � h
n+1 ):

From(7) wecanwrite

 h(t) = � h
0 +

X

i :� h
i +1 � t

h
E[� � h

n ] + � � h
n ] � E [� � h

n ]
i

= � h
0 +

X

i :� h
i +1 � t

E[� � h
n ] + B h

n

whereB h
n =

P
i :� h

i +1 � t [� � h
n ] � E [� � h

n ]] is an Rd-valueddiscretemartingale. Denote� th
i =

� th(� h
i ; qh

i ; uh
i ), then by local consistency

P
i :� h

i +1 � t E[� � h
n ] =

P
i :� h

i +1 � t f (� h
n ; qh

i ; uh
i )� th

i +

o(� th
i ) andB h

n hasquadraticvariation
P

i :� h
i +1 � t a(� )� th

i + o(� th
i ). As h ! 0, weget

 h(t) =  h(0) +
Z t

t0

f ( h(s); qh(s); uh(s))ds + � h
1 (t) + B h(t) (8)

where

B h(t) =
Z t

t0

a( h(s))ds + � h
2 (t)

with E[sups� t � h
1 (s)] ! 0 andE[sups� t � h

2 (s)] ! 0.

Thecomputationalmethodswill give an optimalcontrol sequencef uh
ng. The optimalcontrol

maynot exist ash ! 0. To show convergence,a relaxedcontrol representation[25] is employed.

Denotethespaceof therelaxedcontrolasA andBA andBA� [0;1 ) theBorel � -algebrason A and

A � [0; 1 ) respectively. A relaxedcontrol representationcanbeobtainedby de�ning probability

measures� t on BA and� on BA� [0;1 ) as

� t (A) = I A (� (t))

� (A � [0; t]) =
Z t

0
� t (A)ds

where� (t) 2 A � A andI A is thecharacteristicfunctionfor thesetA.

Denote� h
t and� h thecorrespondingprobabilitymeasuresfor thesequence h(t), then(8) can

bewrittenas

 h(t) =  h(0)+ (9)
Z t

t0

Z

A
f ( h(s); qh(s); � h(s)) � h

s (d� )ds + � h
1 (t) + B h(t)

14



In the following, we prove that f  h(t); qh(t)g convergesweakly to theexecutionof theSHS.

LetE denoteametricspaceandD E [0; 1 ) thesetof functionsthatarecontinuousfrom theright and

have limits from theleft. The h(t) andqh(t) areviewedaselementsof D E [0; 1 ) for E = Rd and

R respectively. Thedifferencewith theresultsof [19] is thatweshow convergenceof theswitching

timesandthenassuming�nitely many switchingsin a boundedinterval we show convergencefor

thehybridprocessbasedon theweakconvergenceresultsfor D E [0; 1 ) in [8] (Thm7.8).

Theorem 3 Considerthe locally consistentapproximatingprocessf � h
n ; qh

n g with an admissible

control sequencef uh
ng and a sequenceof (random)switching timesf t h

i g. Let f  h(t); qh(t)g be

the continuoustime Markov interpolationand � h(�) a relaxedcontrol representationof f uh
ng for

 h(t). Thenf  h(t); qh(t)g convergesweaklyto theexecutionof theSHS.

Proof To prove convergenceof thesequenceof switchingtimes,without lossof generalitywe will

consideronly th
1 . Sinceth

1 2 [0; 1 ) therangeof th
1 is compactandthereforethesequence(asin-

dexedby h) is tight. Hence,th
1 is relatively compactandcontainsaweaklyconvergentsubsequence

with limit denotedby �t1. Using a similar argument,� h(�) is tight andhasa weakly convergent

subsequencewith limit � (�). Fromtheresultsin [19], themartingaleB h(t) canbewrittenas

B h(t) =
Z t

t0

� ( h(s))dwh (s) + � h
1(t)

whereE[sups� t j� h
1(t)j ! 0. Further, wh(t) is tight andhasalimit w(t) which is aWienerprocess.

By theassumptionof �nitely many switchingsin a boundedinterval E [qh(� h + � ) � qh(� h)] ! 0

for any stoppingtime � h . Thereforeqh(t) is tight andwe denoteq(t) its limit. Finally, from the

above results,the boundnessof f , and the propertiesof the stochasticintegral in (10)  h(t) is

tight andwe denotethe limit by x(t). Considerthe mappingt̂1 : D [0; 1 ) ! [0; 1 ] given by

t̂1(� (t)) = inf (t > t0 : � (t) =2 
 0
q0

). Thenby therandomizedswitchingrule, t̂1 is continuouswith

probability1 and
�t1 = lim

h
th
1 = lim

h
(t̂1( h(t)) = t̂1(x(t) = t1:

By the de�nition of qh(t) andsince�t1 = t1, q(t) is piecewise constant. By the assumptionof

�nitely many switchingsin a boundedinterval,  h(th
i ) ! x(t i ) ([8], Thm 7.8) andtherefore,the

integral in (10)canbewrittenas

Z t

t0

Z

A
f ( h(t); qh(t); � h(s)) � h

s (d� )ds !

Z t

t0

Z

A
f (x(t); q(t); � (s)) � h

s (d� )ds

Finally, B h(t) convergesto
R

t0
� (x(s))dw(s) [19]. 2
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6.2 Convergenceof the Optimal Cost

Thenext theoremshowsconvergenceof theoptimalcost.Theprooffollowsfrom Theorem3andthe

resultsin [19]. Thecostfor thecontinuoustime interpolationf  h(t); qh(t)g with controlsequence

� h(t) is

W h(x0; q0; � h) =

E

" Z � h

t0

e� � sk( h(s); qh(s); � )� h
s (d� )ds + e� � � h

g( h(� h))

#

:

DenoteV 0h(x; q) = inf � h W h(x; q; � h) andlet V h(x; q) denotetheoptimalvaluefunctionfor the

processf � h
n ; qh

n g with anadmissiblecontrolsequencef uh
n g. ThenjV 0h(x; q) � V h(x; q)j ! 0 as

h ! 0 andby abuseof notationwe will useV (h; q) to denotetheoptimalvaluefunctionfor both

processes.

Theorem 4 Considerthe locally consistentapproximatingprocessf � h
n ; qh

n g with an admissible

control sequencef uh
ng and a sequenceof (random)switching timesf t h

i g. Let f  h(t); qh(t)g be

the continuoustime Markov interpolationand � h(�) a relaxedcontrol representationof f uh
ng for

 h(t). If � > 0 or if � = 0 and thesequence� h is uniformly integrable thenW h(x0; q0; � h) !

W (x0; q0; � ) andV h(x; q) ! V (x; q).

Proof The assumptionthat either � > 0 or � = 0 and the sequence� h is uniformly integrable

guaranteesboundnessof thecost.Thenby thecontinuityof theexit timeswegetW h(x0; q0; � h) !

W (x0; q0; � ). Sincelim inf h � h ! � , by the weakconvergenceandFatou's lemma[8] we get

lim inf h W h(x0; q0; � h) � W (x0; q0; � ) andlim inf h V h(x; q) � V (x; q).

The relaxed control canbe approximatedby a piecewise constantcontrol u � (t) with relaxed

control representation� � (�) which is � -optimal and resultsin a solution (x � (t); q� (t) such that

jW (x0; q0; � � ) � W (x0; q0; � )j � � .

Becausethemomentsof changeof  h(t) arenot deterministic,they maynot coincidewith the

the timesthecontrol changesin thediscretetime approximation.By slightly changingthepiece-

wise constantcontrol it canbe shown that the approximatingprocess( h(t); qh(t)) with control

� h(�) convergesweakly to thesolution(x � (t); q� (t)) with control � � (�) andthereforeV h(x; q) �

W h(x; q; � h) ! W (x; q; � � ) [19]. Then� -optimality impliesthatW (x; q; � � ) + � (� ) � V (x; q) +

� (� ) + � where� � ! 0 as� ! 0 andthereforelim suph V h(x; q) � V (x; q). 2
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7 Example

We illustratetheproposedapproachusinga simpli�ed modelof a truck with �e xible transmission

presentedin [13]. Thesystemis describedby

dx1 = x2dt

dx2 = � x2 + x3

dx3 = � x2 + gq(x2)udt + � dw;

q = 1; 2; � 0:1 � u � 1:1 � = 0:01

wherex1; x2 andx3 aretheposition,velocity, andthe rotationaldisplacementof its transmission

shaftrespectively. Theef�ciency for gearq is gq(x) shown in Figure2(a),u is thethrottle,anddw

is a scalarWienerprocess.We have modi�ed themodelof [13] by assumingthat gearsswitches

occurat the speedof equalef�ciency betweenthe gears(x2 = 0:5) andtherefore,the switching

boundaryis de�ned by A = f x : x2 = 0:5g:

Theobjective is to drive thestate(x0; q0) to thetargetset

G = f x 2 < 2 :
1
2

xT x � 0:25g

while minimizing thecost

W (x0; q0; u) = E
� Z �

0
k(x(s); q(s); u(s))ds + g(x(� ))

�

wherek(x; q; u) = 1 andg(x) = 1
2xT x. First, we approximatethe systemby an MDP over the

region

X = f x : � 5 � x1 � 1; 0 � x2 � 1:5; � 0:5 � x3 � 1:5g

usingauniformgrid with approximationparameterh = 0:25.

The re�ective boundaryis de�ned asan outerapproximationof X by expandingby h in all

directions.For thecornerpoints,we selectthere�ection directionr (x) asthevectorof lengthh in

thedirectionof thediagonalandwe assumethatthetransitionprobabilitiesareindependentof the

controlu. For theremainingpointsonthere�ectiveboundary, weselectr (x) asthenormalvectorof

lengthh pointinginsideX . Wetransformthepartitionof thestatespaceto acover by de�ning two

new boundariesA = f x : x2 = 0:5 � 2hg andtheswitchingratefunctionsby � (x) = 0:5
ln 0:5 ln(1 �

x2 � 0:5
2h ) respectively. Everytimeaswitchingoccurs,weresetthecontinousstateto guarantee�nitely

many switchings.Wede�ne thetransitionprobabilitiesfor localconsistency asde�ned in Section4.

TheoptimalvaluefunctionV(x) is computedusinganiterationmethodin valuespace.Theresults

shown in Figure2 areobtainedby simulatingtheSHSmodelin continuous-time(usingSimulink)

wherethe control law is computedby (5) usingmultilinear interpolation. Exceptthe stochastic

natureof thestatetrajectory, theresultsarevery similar to thosepresentedin [13]. Theadvantage
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Figure2: (a)Gearpro�les, (b),(c),and(d) Simulationresults

of theapproachis that this solutionwhich is basedon a discreteapproximationthatpreservesthe

localmeanandvarianceof theoriginalsystem.

8 Conclusionsand Futur eWork

Thepaperemploysanapproximationmethodfor solvingtheoptimalcontrolproblemfor stochastic

hybridsystemsbasedon locally consistentMarkov decisionprocessesthatpreserve thelocalmean

andcovarianceof theoriginal system.Theapproachgivesrise to several signi�cant problems.A

fundamentalchallengeis to identify and characterizeproblemsthat can be solved basedon the

approximationswhosesolutionsconverge to their correctvaluesas the approximationparameter

goesto zero. Anotherchallengeis to develop scalablenumericalmethodsthat canbe appliedto

largesystems.Finally, theapproachcanbeextendedto moregeneralstochastichybridsystemsthat

mayincludebothcontinuousanddiscretecontrolsandstatejumps.
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