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Abstract

This paperappliesan approactor approximatingcontrolledstochastidiffusionto hybrid
systems. Stochastichybrid systemsare approximateddy locally consistentMarkov decision
processeshat presere local meanand covariance. A randomizedswitching policy is intro-
ducedfor approximatinghe dynamicsontheswitchingboundariesThevalidity of theapprox-
imation is shavn by solving the optimal control problemof minimizing a costuntil a target
setis reachedusing dynamicprogramming.lt is shavn that usingthe randomizedswitching
policy, the solutionobtainedbasedon the discreteapproximationconvergesto the solution of
theoriginal problem.

1 Intr oduction

Many practical systemssuchas automobiles,chemicalprocessesand autonomousrehiclesare
bestdescribedby dynamicsthat comprisecontinuousstateevolution within a modeof operation
anddiscretetransitionsfrom onemodeto anothey eithercontrolledor autonomousSuchsystems
ofteninteractwith the environmentin the presencef uncertaintyandvariability. Stochastidybrid

systemscan model complex dynamics,uncertainty and multiple modesof operationsand they

cansupporthigh-level control speci cationsthat are requiredfor designof autonomousr semi-
autonomouspplications.

Our goalin thiswork is to develop a systematiavay to approximatestochasticybrid systems
thatis amenabldgo computationamethods. We extend the approachpresentedn [19] to hybrid
systems. The basicidea of the approachs to approximatethe original processedy appropriate
Markov DecisionProcessesle ned on a discretestatespace. The approximationis achieed by
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constructingocally consistentMDPs that presere local meanandcovariance.Basedon the dis-
creteapproximationthe stochastioptimalcontrol problemis solved usingdynamicprogramming.
Giventhevaluefunctionfor the discreteapproximationa controllaw for the actualsystemcanbe
computedon-line usingmulti-linear interpolation. The main adwantageof the approachs thatthe
controlbasedon thediscreteapproximations directly relatedto the original processeghroughthe
notionof local consisteng andfurther it is shavn thatthe solutionconvergesto the solutionof the
original problem.

Althoughtheapproacthasbeenalreadyappliedto severalclasse®f stochasticystemg19], to
ourknowledge theapplicationto stochastidhybrid systemss novel. Theextensionof theapproach
to hybrid systemdacesthe signi cant challengeof approximatingthe dynamicsin the neighbor
hood of the switching boundaries. The main contritution of this paperis the introductionof a
randomizedwitchingpolicy thatguaranteeanderappropriateconditionscontinuity of the switch-
ing times. Basedon this idea,convergenceof the approximatingprocesseso the stochastidybrid
processcan be shavn using a straightforvard extensionof the techniquespresentedn [19]. It
shouldbe notedthat the approachn [19] can handlediscontinuouslynamicsand discontinuous
costfunctions. However, it hasbeenrecognizedhat the approximationmethodin the neighbor
hood of the discontinuitysetsis a signi cant issuesinceit affectsthe robustnessf the solution.
Our proposednethod rst transformghe partition of the statespaceto a cover. Then,thediscrete
procesghatapproximateshe hybrid systemis de ned usingrandomswitchingtimes. Themethod
of transformingthe statespacepartition to a cover hasbeenusedalsofor removing Zenobeha-
ior from hybrid systemmodelsaswell asimproving the robustnesof estimationalgorithmsin the
presencef processand measurementoise[18]. The adwantagewith respecto robustnesstem
from the continuity of analog-to-digitamapsbasedn coversof the statespacg21].

Several modeling paradigmsfor stochastichybrid systemshave beenalreadyproposed. A
stochastidhybrid systemschemethat allows the continuous o ws at eachdiscretelocationto be
characterizedby stochastidifferentialequationds describedn [16]. An extensionof this model
that satis es a Markov propertyis presentedn [6] anda methodto studythe reachabilityprob-
lemis proposedA similar modelbasedon piecavise deterministicMarkov processess presented
in [5] for studyinga probabilisticreachabilityproblem. Probabilistichybrid automataare intro-
ducedin [15] for estimationandfault diagnosis.Communicatingpiecavise Markov processeare
proposedscompositionakpeci cationsfor stochastidybrid systemsn [23] with anemphasi®n
modelingconcurrenyg. Applicationsof stochastidybrid systemso air trafc managemergystems
arepresentedn [22, 10]. A stochastidybrid systemwith applicationto communicatiometworks
is presentedn [14]. A modelingframevork andasimulationervironmentfor concurrenstochastic
hybridsystemss presenteth [3]. Thedifferencedbetweerthesemodelsarein thewayrandomness
affectsthe continuousanddiscretedynamicsandtheir interaction.

In this paperwe considera modelsimilarto thatgivenin [16] but we assumehatthestochastic



differentialequationghatdescribethe continuousdynamicsarecontrolleddiffusions. The corver-
genceresultsare shavn in the spaceof piecavise continuousfunctionsthat are continuousfrom
the right and have limits from the left. To simplify the notation,we alsoassumehat the disper
sionmatrix is independenof the discretestateandcontrol. Finally, we consideronly autonomous
switchings. Controlledswitchingscanbe easilyincorporatedn the computationamethodssince
they are basedon discreteapproximationsandin the convergenceresultsare basedon a relaxed
controlrepresentation.

To investigatethe validity of the approximationwe studythe optimal control problemof min-
imizing a costuntil a target setis reached.Optimal control of hybrid systemshasattractedcon-
siderableattentionin computerscienceandcontrolengineering.Thereareboththeoreticakesults
andcomputationainethodslevelopedfor non-stochastibybrid systemsOptimalcontrolproblems
basedon a uni ed hybrid modelhave beenformulatedin [4]. The mainresultin this work is the
derwvationof generalizedjuasi-ariationalinequalitieshatcharacterizéhe optimalsolutions.Sev-
eralapproachescludingdiscretizatiortechniquesiave beenproposedo solve theseinequalities,
however, efcient computationamethodshave not beendeveloped. An approachfor control of
hybrid systemsasedon calculusof variationsthatemplag/s chatteringapproximationgo optimal
controlsolutionshasbeenproposedn [9]. Severalotherdesignapproachebasedn optimalcon-
trol have beenproposed?26, 7]. Theseapproachegarebasedon a hierarchicalstructureobtained
by imposingsimplifying assumption®n the system(for example, order of continuous,discrete
optimization)which often canbe restrictve. A formulationof the maximumprinciple for hybrid
systemdhasappearedn [24]. Thereareadditionalapproacheso optimalcontrol[1] aswell asef-
fortsto extendexisting resultsto stochastioptimalcontrolmethodq?2] but computationaimethods
have notbeenproposed.

Sufcient andnecessargonditionsfor the stochasti@ptimal controlproblemof switchingdif-
fusionshave beenpresentedn [11]. Theseconditionsrequirethe solutionof a partial differential
equation(PDE) that cannotbe solved analytically but only in caseswherethe coupling between
the continuousand discretedynamicsis very simple. Controlledswitchingdiffusionshave been
usedto modelhybrid processes [12] anddynamicprogrammingequationshave beendervedfor
thein nite horizonstochastioptimal control problem.Thesearecoupledelliptic equationghatin
the generakcasecanbe solved numericallyusingdiscretizatiormethods A dynamicprogramming
methodbasedon discretizatiorhasbeenalsoproposedn [13]. Our approachs alsobasedon dis-
cretizationbut it providesa signi cant advantage.The solutionbasedon the approximatingnodel
is directly relatedto the solutionof the original problemthroughthe notionof local consisteng and
it corvergesasthediscretizatiorbecomesner.

Themainresearclthallengghatarisess thescalabilityof theproposedomputationaethods.
The statespaceof the approximatingVIDP increasegxponentiallywith the dimensionof the state
space. This limits the applicationof the approacho low-dimensionalsystems. Developmentof



efcient computationalmethodsfor analysisand designbasedon the locally consistentMIDPs is
currentlyunderinvestigation.

The paperis organizedas follows. Section2 presentghe stochastichybrid systemmodel.
The stochasti@ptimal control problemformulationis presentedn Section3. The approximating
methodis describedn Sectiond. Thediscretizedptimalcontrolproblemis presentedh Sectionb.
Section6 containsthe corvergenceresults. Finally, the approacthis illustratedin Section7 with a
simpli ed 3-dimensionakxampleof a carwith two gears.

2 StochasticHybrid Systems

De nition 1 A stochastichybrid system(SHS)is de ned as(X;Q;U; ;A;f; ; ;R;(Xo; %))
where
X  RYisthecontinuousstatespace,
Q;jQj = N isa nite setof discretestates,
U = fUq0q2q;Ug RMd isacollectionof continuouscontrolinputsets,
=f 4Opq; ¢ RYisapartitionof X,
A =fAq0pq;Ag @ gisacollectionof autonomouswitchingsets,

f:X Q Ug! Xand :X ! RYParethecontrolleddrift vectorsanddispersion
matricesrespeciiely,

:Q A! Qistheautonomouswitchingmap,

R:Q A! P(X)!isaresetmapwhichassigngo eachqandx 2 Aq aresetprobability
kernelon X concentratedn whered®= " (q;x),

(Xo; o) is aninitial probabilitymeasuronX Q.
To de ne the executionof the SHS,we consideran RP-valuedWienerprocesgBrownian mo-

continuousanddiscretedynamicsinteract. Let the stateattime t; be (xi;g) = (x(t;); q(t;)) with
Xi 2§ 2 While the continuousstatestaysin §, x(t) is evolving accordingto the stochastic
differentialequation(SDE)

dx = f (x; qu)dt+ (x)dw QD

1P (X ) denoteghefamily of probabilitymeasuresn X .
2 0 denotegheinterior of the set



wherethe discretestateq(t) = ¢ remainsconstantand the solution is understoodusing the
Itd stochasticintegral [20]. Let tjs; = infft > t : x(t) 2 8i g. At tj+1 anautonomous
discretetransitionand a resetof the continuousstateoccur The new discretestateis g+1 =

(g x(t;,1)). Thenew continuousstatex(ti+1 ) is selectedandomlyaccordingto the probability
measureR(q; x(t;,1))() where g+1 IS ameasurableet. The evolution of x(t) is then
describedoy the SDE (1) with g(t) = gj+1 andinitial conditionx(tj+1) until the next switching
time.

It is assumedhat the functionsf (x; g;u) and (x) are Lipschitz continuousin x, thenthe
SDE (1) hasa uniquesolution. We alsoassumehatevery pointx 2 Ag is aregular pointfor the
autonomouswitchingsetA 4. Notethatif x 2 Ag is regularfor A, thenasamplepathof (1) which
startsat x will notremainin Aq for anonemptytime intenal [17]. If x is regularfor Aq thenit is
alsoregularfor aneighborhoof A, aroundx andwe canconcludethat

z t
Ii!m0 , P[x(s) 2 N (Ag)lds= 0

whereN (Aq) = fx 1 d(x;Aq)  gandd(x; Ag) istheEuclideardistancebetweerx andAq. The
regularity assumptiorensureshatthe samplepathswouldtransersetheautonomouswitchingsets
andtherefore we canconsiderthatthe autonomouswitchingsoccurinstantaneouslyA sufcient
conditionfor the regularity assumptioris thatthe setAy hasdimensiond 1 andthe diffusion
a(x) = (x) T(x) is non-dgeneratelf a(x) is degenerateit is possibleto satisfythe regularity
assumptiondy assumingthat the drift term f doesnot vanishin the switching boundary Let
X(ti+1) bethecontinuousstateaftera discretetransition.We alsoassumehatfor every x(tj+1) 2

;o d(X(ti+1;A) > 0and9 > OsuchthatP(infft > tj+1;x(t) 2 Ag ) = 1and
therefore,tiz1  tj > ;i = 1;2;:::, with probability 1. Finally, the continuouscontrol is a
measurablestochastigrocesau(t) takingvaluesin a compactset. The control policy u(t) is said
to be admissiblef (i) it is non-anticipatie with respectto the Wienerprocessw(t), (i.e. u(t) is
independentf w(s) w(t); 8s > t).

3 StochasticOptimal Control

In this section,we describethe problemof minimizing a costuntil a tamget setis reached. This
problemis usedto demonstratéhe validity of the discreteapproximationgroposedn the paper
Figurel illustratesthe optimalcontrolproblem.ThetamgetsetG ~ RY is assumedo bea compact
setwith a smoothboundary@s which satis esthe sameregularity conditionsasthe autonomous
switching sets. Further we assumehatxg 2 G andG q for someq 2 Q. We de ne the
stoppingtime by = infft: x(t) 2 @sg. If thestoppingtime is notde ned thenthevalueof

is setto in nity .



Figurel: Optimalcontrolproblem

Givenastochastidybrid systematametsetG, aninitial state(xo; ¢p) atto = 0, andadiscount

factor 0 theoptimal control problemis formulatedasthe minimizationof the cost
z
W(xo;00;u) = E . © *k(x(s);a(s);u(s)ds+ e g(x( )) (2)

with respecto theadmissiblecontrolsu(t).

Next, we describean approaclifor stochasti@ptimal controlbasedon dynamicprogramming.
To ensurethatthe stoppingtime andthe cost(2) arewell-de ned andboundedwe assumehat if
= 0thenfor everyinitial state(xg; qy) thereexistsanadmissiblecontrol policy sothatthe state
will reachthetametsetG. If > 0thecostwill beboundedevenif thestoppingtimeis not.

Thevaluefunctionis de ned by
V (Xo; Qo) = irJfW(xo;qo;u);xo 2 g

Basedon a standardlynamicprogrammingargument,we canformulatethe following result. Since
theinitial conditioncanbearbitrarywe will denotethevaluefunctionby V (x; q).

Theorem1 Givena SHSandthe cost(2), an optimal admissiblecontiol policy u(x) mustsatisfy
theconditions 1
iraf r V(x; of (x;qu) + Etr(r 2v(x; ga(x)) = O;
: 0
802 Q;8x 2
VxSd)  V(xa); 8d2 Qix2 Aga’= (gx);x° R(g;x)()

V(x;0) = g(x);8x2 @;92Q:G ¢

In addition,thefollowing veri cation theoremcanbeprovedin a straightforvard manner



Theorem 2 Supposeéhat there exist V (x; g) twice differentiablein x, and boundedin 8 anda
feedbak contol u(x) sudt thatthe conditionsof Theoem1 holdandW (x; g; u) is boundedThen
V (X; g) is theoptimalcostandu(x) theoptimalcontrol.

In practice,computingthe optimal valuefunctionV (x; q) canbevery dif cult andusuallyre-
quirescomputationamethodsbasedon discretizatiorof the statespace.In this paper we employ
adiscretizatiormethodfor the approximatiorof stochastidybrid systemsoy appropriately}chosen
MDPs[19]. The SDE at every locationq of the hybrid systemis approximatedy a controlled
Markov procesghat evolvesin a statespacethatis a discretizationof the region 4. The crite-
rion which mustbe satis ed by the approximatingMDP is local consistency Local consisteng
meanghatthe conditionalmeanandcovarianceof the MDP areproportionalto thelocal meanand
covarianceof the original process.An approximationparameteh analogougo a” nite element
size”parameterizetheapproximatingviarkov processAs h goesto zero,thelocal propertieof the
MDP resemblehelocal propertiesof theoriginal stochastiprocessApplicationof theapproacho
stochastitybrid systemsequiresapproximatinghebehaior attheswitchingboundariesSuitable
approximationsnustensurecorvergenceof the approximatingorocesse$o the original stochastic
hybrid system.

4 Locally ConsistentMark ov DecisionProcesses

This sectionpresentghe locally consistentMDP thatwill be usedto approximatehe SHS. This

work employs theapproximatiormethodpresentedh [19] for computinglocally consistenMDPs.

Although this methodcan be usedto approximatethe continuousdynamics,it cannotbe applied
for approximatingthe behaior at the switchingboundariesIn this section, rst we discusssome
necessarpackgroundor theapproximatiormethodof [19] thatwill beextendedor approximating
SHSandthenwe focuson theapproximatiorat the switchingboundaries.

4.1 Background Material

Considerthe SDE (1) evolving in 8. Thelocal meanandcovarianceontheintenal [0; ] are
Ex() x]=fx();qt);u(t)) +of)
E[(x() x)(x() x)T1= (x@®) T(x(t) +of):

Letf NgbeanMDP on adiscretatatespacesg q With transitionprobabilitiesdenotedoy
p((x; a); (y; g)ju). A locally consistenMDP mustsatisfy

E[ nl=foaau) t"0cau)+ o t"(x g u)

8



EIC 7 E[ fDC & E[L M1 =
x) T(x) t"Ocqu) + ol t"(x;qu))

where h= h_, h.h=yxand th(x; g u) areappropriaténterpolationintenals (or the
“holding times”) for the MDP. In generalthe controlactionu cantake valuesin a compactsetin
sometopologicalspace.We saythata controlpolicy ful;n < 1g is admissiblef the chainhas
the Markov propertyunderthis policy.

Thetransitionprobabilitiesp((x; q); (y; g)ju) andthe interpolationintervals canbe computed
systematicallyfrom the parameter®f the SDE (detailscan be found in [19]). In the casethe
diffusionmatrixa(x) = (x) T (x) is diagonalandfor aregulargrid wheree; is unit vectorin the
i direction,thetransitionprobabilitiesare

aji (x)=2+ hf; (x; q;u)
Q" (x; g; u)

p((x; g); (x  hej;q)ju) = 3)

andtheinterpolationintenal is

h2
QN (x; g u)
whereQ"(x; q;u) = P ilai (x) + hjfi(x; q;u)j] anda® = maxfa;0g anda = maxf a;0g
denotethe positive andnegative partsof arealnumber

t"(x; g u) = (4)

It shouldbe notedthatan MDP thatis locally consistentvith the SDE (1) is not unique. Any
reasonabl@pproximatiorthatsatis esthelocal consisteng conditionscanbe used.Optimization
algorithmsfor MDPs employ iterationin policy/valuespace.To performef ciently the minimiza-
tion over the admissiblecontrolsat every iteration (seeSectionb) it is desirableto eliminatethe
controldependenca in thedenominator®f the transitionprobabilitiesandtheinterpolationinter
val. Thisis alwayspossibleif the SDE (1) is af ne in the controls[19] andcanbe accomplished
by de ning Q"(x; @) = maxu2u, Q"(x; g; u) andreplaceQ"(x; g; u) by Q"(x; g) in equationg3)
and(4).To ensurghatthe transitionprobabilitiessumto onefor eachx andu, we introduce

X
p((x; 0); (x; Q)ju) = 1 p((x; 9); (y; g)ju):
yiy6x,0%q% q
It canbeshavn thatthedifferencebetweertheold andthe new valuesof thetransitionprobabilities

is O(h) andtherefore,the new transitionprobabilitiesand interpolationinterval are also locally
consistenwith (1) [19].

4.2 Switching Boundaries

Themethoddiscussedbore approximateshe continuousdynamicsby discreteMDPsonly in the
interior of the regions 4. Approximatingstochastichybrid systemsrequiresde ning the MDP

9



in the neighborhoodf the switchingboundariesn a way thatpresereslocal consisteng There
aretwo particularforms of switchingboundarie®f interestsmoothhypersurdcesandboundaries
of polyhedralsetsthat have “corners”. Here,we considerthe caseof smoothhypersuréces. The
methodcanbe extendedfor the caseof switchingboundariesvith “corners”in a straightforvard
manneranddetailsare omitteddueto lengthlimitations. The mainideain this paperconsistsof
thefollowing steps:(i) transformthe partitionof the SHSto a cover, (ii) de ne appropriateandom
switchingfunctionsfor approximatinghe behaior attheboundaries.

First,thepartition = f 4gistransformedo acover. Considertheregion ¢ anddenoteits
boundaryAq as
Aq=fx 2 RY:a4(x) = Og
whereaq : R4 ! R is assumedo be a smoothfunctional. The functionalaq mustsatisfy the
conditionr ag(x) 6 0; 8x 2 Aq which ensureghat the boundaryis an(d  1)-dimensional
hypersurdceseparatinghe statespace.Assumewithout lossof generalitythat8x 2 8 we have
aq(x) < 0. Theregion 4 is expandedo gde ned by

9=fx2R%:a4x) (h)=0g

where (h) > h> Oforeveryh > Oand (h)! Oash! 0. By expanding qto 8weobtain
0= f %g:92 Q. Since q O for everyq, Cis acover of the statespaceX of the

q q 4
SHS.

Letf( [}; off)g bean MDP on a discretestatespaceS = f(x;q) 2 S" Q:x 2 Jgwith
transitionprobabilitiesdenotedoy p((x; @); (x% q9) ju). For all states(x; q) suchthatag(x) < 0
(interiorof ), the systemcannotswitch andthe transitionprobabilitiesare computedso thatthe
MDP is locally consistentvith the correspondingsDE.Hence 8(x; g) 2 S : aq(x) < 0 we have

p((x;a);(x he;gju) = p(xa);(x hej;aju);
p((x; a); (5 aju) = p((x; a); (x; Q)ju)
and
p (6 (xdju =0 ifq6 o

Theswitchingbehaior of the SHSis approximatedby introducingrandomswitchingtimesand
discretizingthe resetmaps. For eachboundaryAE’l = fx 2 RY: ag(x) = (h)g, we de ne the
switching rate function 4(x) suchthat ¢(x) is continuouson Og = fx 2 RA:0 ag(x)

(h)g, q(x) = 0if ag(x) = 0,and 4(x) ! 1 asx! Ag. We also approximatethe reset
mapR(q; x)() by adiscretetransitionprobability kernel. If a discretetransitionsg! q°occurs,
the next continuousstateis selectedandomlyfrom the grid pointsthatbelongto accordingto a
uniformdistribution. Letx; 2 ;i = 1;2;:::; ,then

if x02 .
0  otherwise

p((x; a); (x% Aju) =

10



Considettheinterpolationintenals ' = t"( I; qf!; ul), we de ne theprocesd g

Pldhgs changesn  qjdh; piup] =
3L if r'}zAgn
ADI S QU HETL) B
s 1 e aptn) CETERED i b2 N (AL
o otherwise

Basedon the randomswitchingtimes and the discretizationof the resetmaps,8(x;q) 2 S
suchthat0  ag(x) (h) the transition probabilitiesof the approximatingMDP for states
(x; q);x 2 Oq arede ned as

B (xé'q);(XoﬁqO)J'U =
(1 e o) "xaEY((x; g); (x% Oju);
if 6 gqandx®2
§ e a t“(x;q:U)p((x; a)(x%add) ;
if g= c’and = x  he,

By the constructionof the switchingrate function,ash ! 0, the cover f gg corvergesto the
original partitionf ;g andthe approximatingorocesspresereslocal consisteny.

4.3 Boundary of the Target Set

We alsode ne arandomstoppingrule whenthe stateapproachetheboundaryof thetargetsetG
o - Theprocesstopsat stepn with probabilityl e c(n) t"(fdun) if h 2 N, (@B)\ %

andwith probability1if ' 2 @s.

4.4 Re ective Boundaries

In practicalapplicationsthe physicalprocesss usuallyconstrainedn a boundedstatespace.Re-
ective boundariesreintroducedto approximatesuchconstraints.For the approximatingMDPs,
the constraintsare modeledasre ective (or constrainedpoundariessquippedwith re ection di-
rectionsthat point into the statespace. The processs re ected backwhenit tries to violate the
constraintsLocal consisteng canbesatis edatthere ective boundariesn a straightforvard man-
ner by computingthe transitionprobabilitiesbasedon there ection directions[19]. It is assumed
thatthe transitionprobabilitiesdo not dependon the controlsandthatthe re ections occurinstan-
taneouslyandhencethecorrespondingnterpolationintenals arezero.

11



5 Computational Methodsfor Optimal Control

We have describechow to approximatehe original stochastidybrid systemby alocally consistent
MDP. For the optimal control problem,one also needsto approximatethe original costfunction
by onewhich is appropriatdor the MDP. Then,numericalalgorithmscanbe usedto computean
optimalvaluefunctionanddesignafeedbackcontrollerfor thesystem.

Considerthe approximatingIDP f !1; ¢f'g with transitionprobabilitiesp((x; q); (y; q9ju) and
denote y, the stoppingtime representinghat " reacheghetamgetsetG. Then,assuminghatthe
discountings constanin theintenals|[t"; tﬂ,,l ) thecost(2) canbe approximatedy

" #
Xh " o
Wi(xoiqpiu) = E e Mo ligliul+e Tig( ")
n=0

wherec( ;qlul) = k( Digt;ul) D,

Assumingthat the abore sumis well-de ned and bounded,minimizing the costis a discrete
problemthat can be solved using standarddynamicprogrammingalgorithmsbasedon policy or

valueiterationmethodslf = 0thenit is requiredthatthetargetsetG is reachablérom theinitial
state. Reachabilityis satis ed if for theinitial state § 2 X n G thereexists a control sequence

Sincethe statespaceof the approximatingMIDP is assumedo be nite, reachabilityof the target
setcanbetestedusingthetransitionprobability matrix.

We cande ne theoptimalvaluefunction
VM(xo0; o) = inf W (xo; oo; U)

andusinga standardlynamicprogrammingargumentwe canderive the equation
2 3
h g% Sy h
VG a) = min4 p((x o) (v i)V (yid) + e(x g u)d
yiqP
if x2 X nGandVh(x;q) = g(x),ifx2 G

For there ective boundariesye have consideredhatthe transitionprobabilitiesareindepen-
dentof the controlandthe re ections areinstantaneousl et the re ections be de ned by a setof
vectorsof unitlengthr 4(x), acostc! (x)E[ h1is associatesvith there ective boundarysuchthat
q (X)rq(x) O andc] (x) 0 elementwisdo approximatehe costof the unconstrainegrocess.
Theequatiorfor theoptimalvaluefor pointonthere ective boundariess

X
VigGa) = e @) (ysa)V(y; )+ o (OEL xI:

y;q°

12



Theoptimalvaluefunctioncanbe computedoy the valueiteration
2 3

Vifha (; @) = min g 4 B @); (y; AUV (y; o) + c(x; g u)d
y:q°
with the boundaryconditionsdescribedabore. The valuefunctionV "(x; q) is a discreteapproxi-
mationof the optimalcostfor the hybrid system.Finally, giventhe discreteoptimalvaluefunction,
afeedbackcontrolschemecanbedesignedor computingu(x). For (x; q) withx 2 4, thecontrol
law is givenby
@ "(x; )
@
Thegradieniof V "(x; g) canbeapproximatedsaweightedfiunctionof thedifferences V" of the
valuesatthegrid points. Theadwantageof thediscretizatiormethodbasednthelocally consistent
MDPsis thatthe costof the approximatingdiscrete-timgyrocessorvergesweakly to the original
costasshavn in Section6.

u(x) = arg muin f(x; q;u) + k(x; g;u) (5)

6 Convergence

Giventheapproximatiorparameteh, the SHShasbeenapproximatedby alocally consistenMDP.

Theoriginal costhasbeenexpressedn termsof theMDP andcomputationamethodsanbeusedio

computethe optimalvaluefunctionV "(x; g). In this sectionwe will shav thatV "(x; g) corverges
to the optimal valuefunctionV (x; q) of the original problem. Convergenceof the approximating
processegor control diffusionshasbeenshavn in [19]. We extendthis approachto addresghe

dif culties thatarisedueto the hybrid dynamics.

6.1 Convergenceof the Approximating Processes

Considetthelocally consistenapproximatingorocess : g g andthe optimalcontrolinputf uflg

anddenote t'g thesequencef switchingtimes. First,acontinuougimeinterpolationf  "(t); g"(t)g
is constructedsothatf "(t)gis a Markov processThiswill allow the constructiorof the Wiener

processv(t) ash ! 0. Denotethe momentsof changeof "(t) by :n < 1 with § = 0. To

ensurehat "(t) is aMarkov processtheinterpolationintenals t"(x; g; u) areconsideredotto

be deterministidout they aredescribedy anexponentialdistribution with mean t"(x; u), i.e.,

t
Pl R tjE]:X;qu’]]:q;uE:u]:l e thixgu)

13



Usingthesenew intervalswe de ne

"N = PB:(H <1 (6)
"ty = I (7)
it h,ot
and
M) = dit2[f fa)
u(t) = uft2 [0 M)
From (7) we canwrite
h h x h h h hi
(t) = O+ E[ n]+ n] E[ n]
i:;zl t
= g+ E[ ]+ B
it h.o ot

P
whereBl = = n, "1 E[ Pl is an RY%-valueddiscretemartingale. Denote t! =

t"( P df';ul), thenby local consisteng . n  (E[ f1 = .n  (FCRighul) th+

n,cal) th+ o( th).Ash! 0, weget

o( t"") andB! hasquadratiovariation ;.

Z
"(ty= "0)+ tf( "(s);d"(s);u"(s))ds+ [(t) + BN(t) (8)
to
where Z,
B"(t)=  a( "(s))ds+ B(t)

to

with E[sups ; 7(s)]! OandE[sups ; 5(s)]! O.

The computationamethodswill give an optimal control sequencé uflg. The optimal control
maynotexistash ! 0. To shav cornvergence a relaxed control representatiof25] is employed.
Denotethe spaceof therelaxed controlasA andBa andB, o1 ) theBorel -algebranA and
A [0;1) respecirely. A relaxed controlrepresentatiocanbe obtainedby de ning probability
measurest onBa and onBp (g1 ) as

t(A)

(A [0;t])

AC )
t(A)ds

where (t) 2 A A andl  isthecharacteristidunctionfor the setA.

Denote ! and " thecorrespondingrobabilitymeasuresor the sequence "(t), then(8) can
bewrittenas

(1= "0+ (9)
t
f( "(s);d'(s); "(s)) 2(d )ds+ [(t)+ B (1)
A

to
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In the following, we prove thatf "(t); d"(t)g corvergesweakly to the executionof the SHS.
LetE denoteametricspaceandDe [0; 1 ) thesetof functionsthatarecontinuoudrom therightand
have limits from theleft. The P(t) andqg(t) areviewedaselementof D [0; 1 ) for E = RY and
R respectiely. Thedifferencewith theresultsof [19] is thatwe shov convergenceof the switching
timesandthenassumingnitely mary switchingsin a boundedntenal we shav corvergencefor
the hybrid procesdasedn theweakcornvergenceresultsfor Dg[0;1 ) in [8] (Thm 7.8).

Theorem 3 Considerthe locally consistentappoximating processf ; qlg with an admissible

contiol sequencd uflg and a sequencef (random)switching timesftl'g. Letf "(t);q"(t)g be

the continuoustime Markov interpolationand "() a relaxedcontol representatiorof f ulg for
h(t). Thenf N(t);q"(t)g corvegesweaklyto the executionof the SHS.

Proof To prove convergenceof the sequencef switchingtimes,withoutlossof generalitywe will
consideronlyt?. Sincet? 2[0,1) therangeoft? is compactandthereforethe sequencdasin-
dexedby h) is tight. Hence,t'{ is relatively compactndcontainsa weakly conergentsubsequence
with limit denotedby t1. Usinga similar agument, "() is tight and hasa weakly corvergent
subsequenceith limit (). Fromtheresultsin [19], themartingaleB "(t) canbewrittenas

Z

B")= ( "(shaw'(s)+ 1)
to
whereE [sups ] '{(t)j I 0. Furtherw"(t) is tight andhasalimit w(t) whichis aWienerprocess.
By theassumptiorof nitely mary switchingsin aboundedntenal E[q"( h+ ) d"( n)]! O
for ary stoppingtime . Thereforeg(t) is tight andwe denoteq(t) its limit. Finally, from the
above results,the boundnesf f , and the propertiesof the stochastidntegral in (10) "(t) is
tight and we denotethe limit by x(t). Considerthe mappingf; : D[0;1 ) ! [0;1 ] given by
f2( (1) =inf(t>to: (t)2 80). Thenby therandomizedswitchingrule, f; is continuouswith
probability1 and
ty = lim th = Iihm(f‘l( h(t)) = fa(x(t) = tq:

By the de nition of g"(t) andsincet; = ty, q(t) is piecavise constant. By the assumptiorof
nitely mary switchingsin a boundedntenal, h(tih) I x(t;) ([8], Thm 7.8) andtherefore the
integralin (10) canbewrittenas

zZ.Z
FC @i (); "(s) 8(d )ds!
2.z
f(x(t);a(t); (s)) 7(d )ds
to A
Finally, B"(t) corvergesto to (x(s))dw(s) [19]. 2
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6.2 Convergenceof the Optimal Cost

Thenext theorenmshavs convergenceof theoptimalcost. Theprooffollows from Theoren3 andthe
resultsin [19]. Thecostfor the continuougime interpolationf " (t); g"(t)g with controlsequence
h(t) is

W (xq; 00; M) =
7 #

h
E e k( "(s):d'(s); ) 2(d )ds+e "ol "(n)
to
DenoteV®(x; g) = inf » W(x; q; M) andlet V"(x; g) denotethe optimalvaluefunctionfor the
procesd N d'g with anadmissiblecontrolsequencéullg. ThenjV®(x;q) V"(x;g)j! Oas
h ! 0andby akbuseof notationwe will useV (h; q) to denotethe optimalvaluefunctionfor both
processes.

Theorem 4 Considerthe locally consistentappoximating processf ; qlg with an admissible
contiol sequencd ulg and a sequencef (random)switching timesftl'g. Letf "(t);q"(t)g be
the continuoustime Markov interpolationand "() a relaxedcontol representatiorof f ulg for

ht). If > Oorif = 0andthesequencey, is uniformlyintegrable thenW "(xo; gp; ) !
W (Xo;00; )andV"(x;q) ! V(x;0).

Proof The assumptiorthateither > 0or = 0 andthe sequencey, is uniformly integrable
guaranteeboundnessf thecost. Thenby thecontinuityof theexit timeswe getW "(xo; go; M) !
W (Xo;0p; ). Sinceliminf, N1 , by the weak convergenceand Fatous lemma|[8] we get

liminfn WN(xo;00; ")  W(Xo;q0; )andliminf,V(x;q) V(x;0q).

The relaxed control canbe approximatediy a piecavise constantcontrolu (t) with relaxed
control representation () which is -optimal and resultsin a solution (x (t);q (t) suchthat

JW(X0;00; ) W(Xo;0; )i

Becaus¢he momentsof changeof "(t) arenotdeterministicthey maynot coincidewith the
the timesthe control changesn the discretetime approximation.By slightly changingthe piece-
wise constantcontrol it canbe shavn thatthe approximatingprocesy  "(t); g"(t)) with control

h() convergesweaklyto the solution(x (t);q (t)) with control () andthereforeV"(x; q)
Whx;g ™! W(x;q ) [19]. Then -optimalityimpliesthatW (x; g; )+ () V(x;q)+
()+ where ! Oas ! Oandtherefordim sup,V"(x;q) V(x;0q). 2
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7 Example

We illustratethe proposedapproachusinga simpli ed modelof a truck with e xible transmission
presentedn [13]. Thesystemis describedy

dx; = Xodt
dx, = X2 + X3
dxz = X2 + gg(X2)udt + dw;

q 1,2, 01 u 11 =001

wherexi; X2 andxs arethe position,velocity, andthe rotationaldisplacemenbf its transmission
shaftrespectrely. Theefciency for gearqis gq(x) shavnin Figure2(a), u is thethrottle,anddw

is a scalarWienerprocess.We have modi ed the modelof [13] by assuminghat gearsswitches
occurat the speedof equalefciency betweerthe gears(x, = 0:5) andtherefore the switching
boundaryisde nedby A = fx : x, = 0:5g:

Theobjective is to drive the state(Xo; o) to thetametset
G=fx2<?: :—ZLXTX 0:25g

while minimizing the cost
z

W (Xo;0p;u) = E . k(x(s); a(s); u(s))ds + g(x( ))

wherek(x; q;u) = 1andg(x) = %XTX. First, we approximatethe systemby an MDP over the
region
X=fx: 5 x1 10 x2 15 05 x3 1b5g

usingauniformgrid with approximatiorparameteh = 0:25.

The re ective boundaryis de ned asan outerapproximationof X by expandingby h in all
directions.For the cornerpoints,we selectthere ection directionr (x) asthevectorof lengthh in
thedirectionof the diagonalandwe assumehatthe transitionprobabilitiesareindependenof the
controlu. Fortheremainingpointsonthere ective boundarywe select (x) asthenormalvectorof
lengthh pointinginsideX . We transformthe partition of the statespaceo a cover by de ning two
new boundarieA = fx : xo = 0:5 2hg andtheswitchingratefunctionsby (x) = Ir?% In(1
X22h°:5) respectiely. Everytimeaswitchingoccurswe resethecontinousstateto guaranteenitely
mary switchings.We de ne thetransitionprobabilitiesfor local consisteng asde nedin Sectiord.

TheoptimalvaluefunctionV (x) is computedusinganiterationmethodin valuespace Theresults

shawvn in Figure 2 areobtainedby simulatingthe SHSmodelin continuous-timgusingSimulink)
wherethe control law is computedby (5) using multilinear interpolation. Exceptthe stochastic
natureof the statetrajectory the resultsarevery similar to thosepresentedn [13]. The adwantage
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Figure2: (a) Gearpro les, (b),(c),and(d) Simulationresults

of the approachs thatthis solutionwhich is basedon a discreteapproximatiorthat preseresthe

local meanandvarianceof the original system.

8 Conclusionsand Future Work

Thepaperemplo/s anapproximatiormethodfor solvingthe optimalcontrolproblemfor stochastic
hybrid systemdasedn locally consistenMarkov decisionprocessethatpresere thelocal mean
andcovarianceof the original system.The approachyivesrise to several signi cant problems.A
fundamentalkchallengeis to identify and characterizeproblemsthat can be solved basedon the
approximationsvhosesolutionscorverge to their correctvaluesasthe approximationparameter
goesto zero. Anotherchallengeis to develop scalablenumericalmethodsthat canbe appliedto
large systemsFinally, theapproacttanbeextendedo moregeneraktochastidybrid systemghat
may includeboth continuousanddiscretecontrolsandstateumps.
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