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Abstract

This paper describes a clustering methodol-
ogy for temporal data using hidden Markov
model(HMM) representation. The proposed
method improves upon existing HMM based clus-
tering methods in two ways: (i) it enables HMMs
to dynamically change its model structure to ob-
tain a better �t model for data during cluster-
ing process, and (ii) it provides objective crite-
rion function to automatically select the optimal
clustering partition. The algorithm is presented
in terms of four nested levels of searches: (i) the
search for the optimal number of clusters in a par-
tition, (ii) the search for the optimal partition
structure, (iii) the search for the optimal HMM
structure for each cluster, and (iv) the search for
the optimal parameter values for each HMM. Pre-
liminary experiments with arti�cially generated
data demonstrate the e�ectiveness of the pro-
posed methodology.

Introduction

Unsupervised classi�cation, or clustering, assumes data
is not labeled with class information. The goal is to cre-
ate structure for data by objectively partitioning data
into homogeneous groups where the within group ob-
ject similarity and the between group object dissimilar-
ity are optimized. Data categorization is achieved by
analyzing and interpreting feature descriptions associ-
ated with each group. The technique has been used ex-
tensively by researchers in discovering structures from
databases where domain knowledge is not available or
incomplete(Cheeseman & Stutz 1996)(Biswas, Wein-
berg, & Li 1995).

In the past, the focus of clustering analysis has
been on data described with static features(Cheeseman
& Stutz 1996)(Biswas, Weinberg, & Li 1995)(Fisher
1987)(Wallace & Dowe 1994), i.e., values of the features
do not change, or the changes are negligible, during ob-
servation period. Examples of static features include
customer's age, education level and salary, or patient's
age, gender, weight, and previous diseases upon hos-

pital admission. In real world, most systems are dy-
namic which often are best described by temporal fea-
tures, whose values change signi�cantly during obser-
vation period. Examples of temporal features include
daily ATM transactions and account balances of bank
customers, and frequent recordings of blood pressure,
temperature and respiratory rate of patients under in-
tensive hospital care. Clustering data described with
static features identi�es patterns from data in terms
of time-invariant characteristics. Clustering data de-
scribed with temporal features aimed at pro�ling be-
havior patterns for dynamic systems through data par-
titioning and cluster interpretation. Clustering tem-
poral data is inherently more complex than cluster-
ing static data. First of all, the dimensionality of the
data is signi�cantly larger in temporal case. When
data objects are characterized using static features,
only one value is present for each feature. In tempo-
ral feature case, each feature is associated with a se-
quence of values. Also, the complexity of cluster de�ni-
tion(modeling) and interpretation increases by orders
of magnitude with dynamic data(Li 1998).

We choose hidden Markov model representation for
our pro�ling problem. A HMM is a non-deterministic
stochastic Finite State Automata(FSA). The main
characteristic that di�erentiates HMM from Markov
chains is that, with HMM, the state sequence is not
directly observed. Only the generated value sequence,
a probabilistic function of the underlying states is ob-
servable. From a dynamic system's viewpoint, the value
sequences are considered the manifestation of the dy-
namic, stochastic behavior of the system. The basic
structure of a HMM consists of a connected set of hid-
den states. HMM models can be described by the fol-
lowing three sets of probabilities: (i) the initial state
probabilities, �, which de�nes the probability of each
state being the starting state for any value sequence, (ii)
the transition probability matrix, A, which de�nes the
probability of going from one state to another, and (iii)
the emission probability matrix, B, which de�nes the
probability of generating a value at any given state(Ra-
biner 1989). We are interested in building HMMs for
continuous temporal sequences, where the temporal
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Figure 1: An Example 3-State HMM

feature values are continuous rather than symbolic. In
our case, the emission probability density function(pdf)
within each state is de�ned by a multivariate Gaussian
distribution characterized by its mean vector, B~�, and
co-variance matrix, B�. An example of a �rst order
continuous density HMM with 3 states is shown in Fig-
ure 1. The �is are the initial state probabilities for state
i. The aijs are the transition probabilities from state i
to state j and the (~�i;�i)s de�ne the pdfs for emission
probabilities for state i.

There are a number of advantages in using the HMM
representation for our problem:

� There are direct links between the HMM states and
real world situations for the problem under consid-
eration. The hidden states of a HMM can be used
to e�ectively model the set of potentially valid states
of a dynamic process. While the exact sequence of
stages going through by a dynamic system may not
be observed, it can be estimated based on observable
behavior of the systems.

� HMMs represent a well-de�ned probabilistic model.
The parameters of a HMM can be determined in a
precise, well-de�ned manner, using methods such as
maximal likelihood estimates or maximal mutual in-
formation criterion.

� HMMs are graphical models of underlying dynamic
processes that govern system behavior. Graphical
models may aid the interpretation task.

Proposed HMM Clustering
Methodology

Clustering using HMMs was �rst mentioned by Rabiner
et al. (Rabiner et al. 1989) for speech recognition prob-
lems. The idea has been further explored by other
researchers including Lee (Lee 1990), Dermatas and
Kokkinakis (Dermatas & Kokkinakis 1996), Lee (Lee
1990), Kosaka et al. (Kosaka, Masunaga, & Kuraoka
1995), and Smyth (Smyth 1997). Two main problems
that have been identi�ed in these works are: (i) no ob-
jective criterion measure is used for determining the

optimal size of the clustering partition, and (ii) uni-
form, pre-speci�ed HMM structure is used for di�erent
clusters of each partition. This paper describes a HMM
clustering methodology that tries to remedy these two
problems by developing an objective partition criterion
measure based on model mutual information, and by
developing an explicit HMM model re�nement proce-
dure that dynamically modify HMM structures during
clustering process.

The proposed HMM clustering method can be sum-
marized in terms of four levels of nested searches. From
the outer most to the inner most level, the four searches
are: the search for

1. the optimal number of clusters in a partition,

2. the optimal structure for a given partition,

3. the optimal HMM structure for each cluster, and

4. the optimal HMM parameters for each cluster.

Starting from the inner most level of search, each of
these four search steps are described in more detail
next.

Search Level 4: HMM Parameter
Reestimation

This step tries to �nd the maximal likelihood param-
eters for the HMM of a �xed size. The well known
Baum-Welch parameter reestimation procedure (Baum
et al. 1970) is used for this purpose. The Baum-Welch
procedure is a variation of the more general EM algo-
rithm(Dempster, Laird, & Rubin 1977), which iterates
between two steps: (i) the expectation step(E-step),
and (ii) the maximization step(M-step). The E-step
assumes the current parameters of the model and com-
putes the expected values of a necessary statistics. The
M-step uses these statistics to update the model param-
eters so as to maximize the expected likelihood of the
parameters(Ghahramani & Jordan 1997). The proce-
dure is implemented using the forward-backward com-
putations.

Search Level 3: The Optimal HMM
Structure

This step attempts to replace an existing model for a
group of objects by a more accurate and re�ned HMM
model. Solcke and Omohundro (Stolcke & Omohun-
dro 1994) described a technique for inducing the struc-
ture of HMMs from data based on a general \model
merging" strategy (Omohundro 1992). Takami and
Sagayama (Takami & Sagayama 1992) proposed the
Successive State Splitting(SSS) algorithm to model
context-dependent phonetic variations. Ostendorf and
Singer (Ostendorf & Singer 1997) further expanded the
basic SSS algorithm by choosing the node and the can-
didate split at the same time based on the likelihood
gains. Casacuberta et. al (Casacuberta, Vidal, & Mas
1990) proposed to derive the structure of HMM through



error correcting grammatical inference techniques.

Our HMM re�nement procedure combines ideas from
the past works. We start with an initial model con�g-
uration and incrementally grow or shrink the model
through HMM state splitting and merging operations
for choosing the right size model. The goal is to ob-
tain a model that can better account for the data, i.e.,
having a higher model posterior probability. For both
merge and split operations, we assume the Viterbi path
does not change after each operation, that is for the
split operation, the observations that were in state s
will reside in either one of the two new states, q0 or
q1. The same is true for the merge operation. This
assumption can greatly simplify the parameter estima-
tion process for the new states. The choice of state(s)
to apply the split(merge) operation is dependent upon
the state emission probabilities. For the split operation,
the state that has the highest variances is split. For the
merge operation, the two states that have the closest
mean vector are considered for merging. Next we de-
scribe the criterion measure used to perform heuristic
model selection during HMM re�nement procedure.

Bayesian Information Criterion(BIC) for HMM
Model Selection Li and Biswas(Li & Biswas 1999)
proposed one possible HMM model selection criterion,
the Posterior Probability of HMM(PPM), which is de-
veloped based on Bayesian model merging criterion in
(Stolcke & Omohundro 1994). One problem with the
PPM criterion is that it depends heavily on the base
values for the exponential distributions used to com-
pute prior probabilities of global model structures of
HMMs.

Here, we present an alternative HMMmodel selection
scheme. From Bayes theorem, given data, X, and a
model, �, trained from X, the posterior probability of
the model, P (�jX), is given by:

P (�jX) =
P (�)P (Xj�)

P (X)
;

where P (X) and P (�) are prior probabilities of the data
and the model respectively, and P (Xj�) is the marginal
likelihood of data. Since the prior probability of data
remains unchanged for di�erent models, for model com-
parison purpose, we have P (�jX) / P (�)P (Xj�). By
assuming uniformprior probability for di�erent models,
P (�jX) / P (Xj�). That is, the posterior probability
of a model is directly proportional to the marginal like-
lihood. Therefore, the goal is to select the model that
gives the highest marginal likelihood.

Computing marginal likelihood for complex models
has been an active research area (Kass & Raftery
1995) (Chichering & Heckerman 1997) (Cooper & Her-
skovits 1992) (Chib 1995). Approaches include Monte-
Carlo methods, i.e., Gibbs sampling methods (Chib
1995) (G. & I. 1992), and various approximation meth-

ods, i.e., the Laplace approximation (Kass & Raftery
1995) and approximation based on Bayesian informa-
tion criterion (Chichering & Heckerman 1997). It has
been well documented that although the Monte-Carlo
methods are very accurate, they are computationally
ine�cient especially for large databases. It is also
shown that under certain regularity conditions, Laplace
approximation can be quite accurate, but its compu-
tation can be expensive, especially for its component
Hessian matrix computation.

A widely used and very e�cient approximation
method for marginal likelihood is Bayesian information
criterion where, in log form, marginal likelihood of a
model given data is computed as:

logP (�jX) = logP (Xj�; ��)�
d

2
logN;

where �� is Maximum Likelihood(ML) con�guration of
the model, d is the dimensionality of the model pa-
rameter space and N is the number of cases in data.
The �rst term in BIC computation, logP (Xj�; ��),
is the likelihood term which tends to promote larger
and more detailed models of data, whereas the sec-
ond term, �d

2
logN , is the penalty term which favors

smaller model having less parameters. BIC selects the
most appropriate model for data by balancing these two
terms. Chichering and Heckerman discussed the close
similarities between BICmeasure andMinimalDescrip-
tion Length(MDL) principle(Chichering & Heckerman
1997).

We use BIC as our HMM model selection criterion.
Here, we use an example to illustrate how BIC helps to
select the correct model structure from data. An arti�-
cial data set of 100 data objects is generated from a pre-
de�ned �ve-state HMM. Each data object is described
using two temporal features. The length of temporal
sequences of each feature is 50. Figure 2 shows val-
ues of the likelihood term, the penalty term, and the
BIC measure, when the same data set is modeled using
HMMs of sizes ranging from 2 to 10. The dotted line
shows the likelihoods of data modeled using HMMs of
di�erent sizes. The dashed lines shows the penalties in-
curred for each model. And the solid line shows the BIC
measures as a combination of the above two terms. We
observe, as the size of the model increases, the model
likelihood also increases, but the model penalty term
decreases. BIC correctly identi�es the true model, the
5-state model, for this data.

Search Level 2: The Optimal Partition
Structure

The two most commonly used distance measures in the
context of the HMM representation is the sequence-
to-model likelihood measure (Rabiner 1989) and the
symmetrized distance measure between pairwise mod-
els (Juang & Rabiner 1985). We choose the sequence-
to-model likelihood distance measure for our HMM
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Figure 2: The e�ects of model likelihood, model
penalty, and BIC measure in HMM selection

clustering algorithm. Sequence-to-HMM likelihood,
P (Oj�), measures the probability that a sequence, O, is
generated by a given model, �. When the sequence-to-
HMM likelihood distance measure is used for object-to-
cluster assignments, it automatically enforces the max-
imizing within-group similarity criterion.

A K-means style clustering control structure and
a depth-�rst binary divisive clustering control struc-
ture are proposed to generate partitions having di�er-
ent number of clusters. For each partition, the ini-
tial object-to-cluster memberships are determined by
the sequence-to-HMM likelihood(See Section 2.2.1) dis-
tance measure. The objects are subsequently redis-
tributed after HMM parameter reestimation and HMM
model re�nement have been applied in the interme-
diate clusters. For the K-means algorithm, the re-
distribution is global for all clusters. For binary hi-
erarchical clustering, the redistribution is carried out
between the child clusters of the current cluster. Thus
the algorithm is not guaranteed to produce the maxi-
mally probable partition of the data set. If the goal is
to have a single partition of data, K-means style con-
trol structure may be used. If one wants to look at
partitions at various levels of details, binary divisive
clustering may be suitable. Partitions of di�erent num-
ber of clusters are compared using the PMI criterion
measure, described next. For K-means clustering, the
search stops when PMI of the current partition is lower
than that of the previous partition. For binary cluster-
ing, the search along a particular branch is terminated
when dividing the current cluster decreases the overall
PMI score.

Search Level 1: The Optimal Number of
Clusters in a Partition

The quality of a clustering is measured in terms of its
within cluster similarity and between cluster dissimi-
larity. A common criterion measure used by a number
of HMM clustering schemes is the overall likelihood of
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Figure 3: The Binary HMM Clustering Tree

data given models of the set of clusters (Smyth 1997).
Since our distance measure does well in maximizing the
homogeneity of objects within each cluster, we want a
criterion measure that is good at comparing partitions
in terms of their between-cluster distances. We use the
Partition Mutual Information(PMI) measure (Bahl et
al. 1986) for this task.

FromBayes rule, the posterior probability of a model,
�i, trained on data, Oi, is given by:

P (�ijOi) =
P (Oij�i)P (�i)

P (Oi)
=

P (Oij�i)P (�i)PJ
j=1P (Oij�j)P (�j)

;

where P (�i) is the prior probability of a data coming
from cluster i before the feature values are inspected,
and P (Oij�i) is the conditional probability of display-
ing the feature Oi given that it comes from cluster i.
Let MIi represent the average mutual information be-
tween the observation sequence Oi and the complete
set of models � = (�1; :::; �J):

MIi = logP (�ijOi)

= log(P (Oij�i)P (�i))� log
PJ

j=1
P (Oij�j)P (�j):

Maximizing this value is equivalent to separating the
correct model �i from all other models on the train-
ing sequence Oi. Then, the overall information of
the partition with J models is computed by summing
over the mutual information of all training sequences:

PMI =

P
J

j=1

P
nj

i=1
MIi

J
; where nj is the number of ob-

jects in cluster j, and J is the total number of clusters
in a partition. PMI is maximized when the J models
are the most separated set of models, without fragmen-
tation.

Next, we show how PMI measure is used to derive
a good partition with the optimal number of clusters
and object-cluster membership. To better demonstrate
the e�ects of PMI, we illustrate the process using the
binary HMM clustering scheme, and we assume the cor-



rect model structure is known and �xed throughout the
clustering process in this example. To generate data
with K clusters, �rst we manually create K HMMs.
From each of these K HMMs, we generate Nk objects,
each described withM temporal sequences. The length
of each temporal sequence is L. The total data points
for such a data set isK �Nk �M �L. In these experiments,
we choose K = 4, Nk = 30, M = 2, and L = 100. The
HMM for each cluster has 5 states.

First, the PMI criterion measure was not incorpo-
rated in the binary clustering tree building process.
The branches of the tree is terminated either because
there are too few objects in the node, or because the
object redistribution process in a node ends with one
cluster partition. The full binary clustering tree, as
well as the PMI scores for intermediate and �nal par-
titions are computed and shown in Figure 3(a). The
PMI scores to the right of the tree indicate the quality
of the current partition, which includes all nodes at the
frontier of the current tree. For example, the PMI score
for the partition having clusters C4 and C123 is 0.0, and
PMI score for the partition having clusters C4,

4
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C2,

26

30
C2, and C13 is �1:75�10

2. The result of this cluster-
ing process is a 7-cluster partition, with six fragmented
clusters, i.e., cluster C2 is fragmented into 4

30
C2 and

26

30
C2, cluster C3 is fragmented into 1

30
C3,

29

30
C3, and

cluster C1 is fragmented into 4

30
C1 and 26

30
C1. Figure

3(b) shows the binary HMM clustering tree where PMI
criterion measure is used for determining branch ter-
minations. The dotted lines cut o� branches of the
search tree where the split of the parent cluster results
in a decrease in the PMI score. This clustering process
re-discovers the correct 4-cluster partition.

Experiment

In this experiment, we combine the four search steps in
performing unsupervised classi�cation on arti�cial data
generated from models of di�erent sizes. First, we cre-
ated three HMMs: one with three states, one with four
states, and one with �ve states. Based on each model,
50 data objects are created, each described by two tem-
poral features. The sequence length for each temporal
feature is 50. Figure 4 shows six example data objects
from this data set. The dotted lines and the solid lines
represent values of the two temporal features for each
object. It is observed that, from the feature values, it
is quite di�cult to di�erentiate which objects are gen-
erated from which model. In fact, objects (a) and (f)
are generated from the three-state HMM, objects (b)
and (e) are generated from the four-state HMM, and
objects (c) and (d) are generated from the �ve-state
HMM. Detailed parameters of these three models are
given in the appendix.

Given this data, our method successfully uncovers
the correct clustering partition size, i.e., 3 clusters in
the partition, and individual data object is assigned to
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Figure 4: Compare Data Objects Generated from Dif-
ferent Models

the correct cluster, i.e., the cluster whose derived model
corresponds to the object's generative model. Further-
more, for each cluster, our method accurately recon-
structed the HMM with the correct model size and near
perfect model parameter values.

Conclusion

We presented a temporal data clustering methodology
based on HMM representation. HMMs have been used
in speech recognition problems to model human pro-
nunciations. Since the main objective in that study is
recognition, it is not essential whether the true model
structure is uncovered. A �xed size model structure can
be used throughout data analyses, as long as the model
structure is adequate in di�erentiating objects coming
from di�erent underlying models. On the other hand,
in our case, HMMs are used to pro�le temporal behav-
iors of dynamic systems. Our ultimate objective is to
characterize behavior patterns of dynamic systems by
interpreting the HMMs induced from temporal data.
Therefore, it is extremely important that the derived
models are as close to the underlying models as possi-
ble. To facilitate this, we introduced a dynamic HMM
re�nement procedure to the clustering process and em-
ployed an objective measure, BIC, for model selection
purposes. Furthermore, we have developed the PMI cri-
terion measure for selecting the optimal partition size.
This allows an objective and automatic clustering pro-
cess which can be very useful in many discovery tasks.



Our next step is to apply this method to real world
problems. The application domain we are currently
studying is about pediatric patients having Respiratory
Distress Syndrome(RDS) and undergoing intensive hos-
pital care. The goal of this application is to identify pa-
tient response patterns from temporal data recorded in
the form of vital signs measured frequently throughout
a patient's stay at the hospital.

Appendix
Parameters of the three HMMs used in the �nal exper-
imentation are given here.

Three-state HMM

� = (0:4; 0:4; 0:2)

A =

 
0:5 0:25 0:15
0:35 0:4 0:25
0:25 0:3 0:55

!

B~� =

� �
30
98:7

� �
55
92

� �
70
105

� �

B� =

� �
3
0:8

� �
3
1

� �
2
1:2

� �

Four-state HMM

� = (0:2; 0:25; 0:3; 0:25)

A =

0
B@

0:3 0:15 0:25 0:3
0:15 0:3 0:3 0:25
0:05 0:05 0:65 0:25
0:25 0:05 0:65 0:25

1
CA

B~� =

� �
40
102

� �
72
107

� �
28
84

� �
65
89

� �

B� =

� �
2:5
0:3

� �
3
0:8

� �
2
0:5

� �
2:5
0:8

� �

Five-state HMM

� = (0:2; 0:1; 0:25; 0:3; 0:15)

A =

0
BB@

0:3 0:2 0:1 0:2 0:2
0:3 0:4 0:05 0:15 0:1
0:1 0:05 0:45 0:2 0:2
0:15 0:05 0:05 0:55 0:2
0:05 0:1 0:05 0:3 0:5

1
CCA

B~� =

� �
36
88

� �
69
97

� �
30
107

� �
26
92

� �
60
102

� �

B� =

� �
1
1

� �
1:5
1

� �
0:5
1

� �
0:5
0:5

� �
1:5
1

� �
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