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ABSTRACT: Physical systems are by nature continuous, but often display nonlinear behaviors that
make them hard to analyvze. Typically, these nonlinearities occur at a time scale that is much smaller
than the time scale at which gross system behavior needs to be described. In other situations,
nonlinear effects are small and of a parasitic nature. To achicve efficiency and clarity in building
complex system models. and to reduce computational complexity in the analysis of system behavior,
modelers often abstract wway any parasitic component parameter effects, and analvze the system
at more absiract time scales. However, these abstractions often introduce abrupi. instantaneous
changes in system behavior. To accommodate mixed continuous and discrete behavior. this paper
develops a hybrid modeling formalism thar dvaamically constructs bond graph model fragments
that govern system behavior during continuous operation. When threshold values are crossed, a
meta-level control model invokes discontinuous state and model configuration changes. Dis-
continuities violate physical principles of conservation of energy and continuity of power, but the
principle of invariance of state governs model behavior when the control module is active. Con-
servation of energy and continuity of power again govern behavior generation as soon as a new model
configuration is established. This allows for maximally constrained continuous model fragments. The
two primary contributions of this paper are an algorithm for inferring the correct new nmode and
state variable values in the hybrid modeling framework, and a verification scheme that ensures
hybrid models conform to physical system principles based on the principles of divergence of time
and temporal evolution in behavior transitions. These principles are employed in energy phase
space analvsis to verify physical consistency of models. (¢ 1997 The Franklin Institute. Published
by Elsevier Science Ltd

I. Introduction

Physical systems are by nature continuous, but their behaviors often exhibit complex
nonlinearities which obscure system and model characteristics. Nonlinear behaviors
are hard to analyze. Behavior generation algorithms may have to deal with steep
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gradients that introduce numerical stiffness and hamper meaningful analysis and
interpretation. Furthermore, since system linearity cannot be assumed, a number of well
studied powerful linear analysis methods in the quantitative and qualitative domains (1.
2) cannot be applied to analyze system behavior.

Typically nonlinearities in system behavior are simplified by abstraction. A complex
nonlinearity may be represented as a set of piecewise linear behaviors, or the time scale
may be modified (granularity is decreased), and, as a result, certain behaviors seem to
undergo discontinuous changes. To systematically model abstractions and the ensuing
discontinuities in behaviors, the notion of mixed continuous/discrete hybrid models of
physical systems is developed in this paper. The continuous behavior regions are
modeled using energetic bond graph models (3, 4) from which the traditional differential
state equations can be derived. At points of discontinuity the structural topology of
the bond graph model may change, causing a switch from one system configuration to
another, which results in a corresponding change in the state equations that govern
continuous behavior. The discontinuous transition from one model (system con-
figuration) to another provides interesting challenges:

1. How can we guarantee that the model topology in the new state corresponds to
the correct system configuration?

2. How do we guarantee that the initial state derived for the new configuration is
correct, i.e. it produces behavior that corresponds to what the real physical system
would generate?

The model transition process is best represented as a discrete switching process, and
this process can be quite elaborate (S, 6). This is particularly true if the system under
consideration traverses several intermediate discontinuous states before converging on
a new continuous mode of operation.

It has been established that the bond graph modeling scheme (3, 4) provides a general
methodology for describing and analyzing the continuous characteristics of physical
systems. [t provides an elegant domain-independent formalism for building lumped
parameter physical system models from a small set of primitive components, and
embodies the principle that dynamic behavior of a system is governed by the energy
exchange patterns among the components of the system. Overall system behavior
generation is governed by the principle of conservation of energy, and more specifically
by the first and second law of thermodynamics (7, 8).

To allow for graceful introduction of discontinuities through model configuration
changes in the bond graph framework, new paradigms have to be introduced. In recent
years, this has been an active area of research (9-14). Promising approaches that have
emerged include the use of

o modulated transformers with boolean modulus (13),
e the introduction of a new bond graph primitive to model an ideal switch (12), and
e controlled junctions that turn on and off to switch model configurations (14).

A primary goal of this research is to formulate a sound theory of hybrid models
from a physical perspective. Logical approaches to hybrid modeling have led to the use
of dense time finite state automata (15-17), but they lack an underlying physical theory,
which results in this methodology producing descriptive modeling languages that result



Discontinuities in Physical System Models 403

in the generation of physically underconstrained models. Some attempts to prove the
physical correctness of these models have been successful under limited conditions,
such as the restriction that state variables can only change at a constant rate. This
severely limits the applicability of such models to real physical systems. In other work,
Iwasaki er al. (18) focus on the behavior generation process for hybrid models and
make no attempt to verify their physical consistency. They introduce the notion of
hypertime, an infinitesimal interval during behavior generation when actual time does
not advance. This facilitates changes in a model state or configuration through a series
of discontinuous changes happening in infinitely short time intervals, and produces
executable hybrid models, but it may result in incorrect transfer of system state between
model configurations. Moreover, behavior generation is still possible for physically
inconsistent models which renders these models valid only by merit of their execution
semantics.

An important contribution of this work is the establishment of a theory of dis-
continuities in physical system models. This theory has its basis in dynamic physical
system theory and the laws of thermodynamics. The bond graph framework extended
by controlled junctions defines the hybrid system modeling language. The hybrid
modeling language allows for the expression and analysis of different kinds of non-
linearities as piecewise linear models. Also, the hybrid scheme defines an algorithm for
model switching and deriving system state that can be verifiedt for physical consistency.

The hybrid modeling formalism introduces controlled junction elements into bond
graph models. These junctions, controlled by finite state automata, can be switched on
and off. When on, their active state of operation, they behave like normal junctions.
When off, their inactive state, they inhibit energy transfer. This hybrid formalism
embodies a uniform approach to analyzing mixed continuous/discrete system behavior
without violating fundamental physical principles, such as conservation of energy and
momentum. Establishing a sound theory of hybrid models requires the development
of a theory of discontinuities, and the effects of interleaving discontinuities with con-
tinuous behavior changes. Our basic premise is that system state cannot change during
a sequence of discrete switches because they do not have a real manifestation. Energy
redistribution among system components occurs only in the continuous modes of
system operation.

The rest of the paper is organized as follows. Section II reviews the basic charac-
teristics of physical systems and their interpretation in the bond graph framework.
Section 111 establishes the nature of discontinuities, their links to abstraction of physical
system models, and their effects on overall behavior generation and analysis. Section
IV focuses on the hybrid modeling scheme, and the Mythical Mode Algorithm (MMA)
for establishing discontinuous changes in behavior generation. Section V introduces
the notions of physical consistency and the verification of hybrid system models based
on physical theory. The verification methodology, energy phase space analysis, is
applied to a number of systems to demonstrate its effectiveness. Section VI discusses

t At this point, it may be useful to emphasize the difference between model verification and
model validation. To verify a physical system model involves checking whether it violates any
physical laws and constraints, i.e. it conforms with theory. Validation establishes how well the
model generates behaviors that correspond to the exact, real situation of interest.
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the implications of the hybrid modeling theory, and makes suggestions for future work
in this area.

I. Characteristics of Physical Systems

In this section, we discuss primary characteristics of physical systems, and the bond
graph modeling formalism, which, based on lumped parameter energetic modeling,
conforms to these characteristics.

2.1. Energetic modeling

Physical systems theory is based on the concept of reticulation which assumes that
certain properties of a system can be isolated and lumped into processes with well-
defined parameter values. and the system can be defined as a network of interacting
processes (7). For the lumped parameter assumption to hold the resulting models have
to be persistent, i.e. the model corresponding to the physical system cannot change
abruptly. Therefore, abrupt dynamic effects, such as the introduction of turbulence due
to sudden large pressure differences in a tank, cannot be analyzed with such models.
This is especially important when instantaneous configuration changes occur. and the
lumped parameter assumption requires immediate redistribution of energy to establish
homogeneity within each buffer element in the new mode of operation. In a mode of
operation where the model evolves continuously, homogeneity within individual buffers
is easily maintained. However, instantancous configuration changes violate this
condition, and only after a new continuous mode of operation is attained, system
stability is restored and redistribution of energy resumes based on principles that govern
lumped parameter modeling.

Bond graphs, based on energetic modeling of physical systems. adopt the lumped
parameter approach to modeling and describe a physical system at any given time as a
distribution of energy over connected physical elements. This energy distribution
reflects the history of the system, and, therefore, defines its state. Future behavior is
determined by its current state description. and subsequent input to the system. Changes
in state of a physical system are attributed to energy exchange among its components
which can be expressed in terms of the time derivative or flow of energy, power.
Irrespective of domain (i.e. mechanical, fluid, pneumatic, electric, etc.) power is the
product of two conjugate variables: the intensive variable or effort, e. and the extensive
variable or flow, /. Therefore, effort and flow are called power or signal variables.
Intensive variables are specified at points in a system, and may vary from point to point
(e.g. pressure, temperature). Extensive variables on the other hand, are defined over
an extent (e.g. volume, charge), and are typically additive in nature.¥ For example, if
one considers two blocks of the same material at the same temperature, and brings
them together to form one system, the volume of the overall system is the sum of the
individual volumes. On the other hand, the temperature of the combined system remains
the same.

+ Though variables of an additive nature are extensive. not all extensive variables are necessarily
additive in nature. This is particularly true in the case of fields.
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2.2. Primitive elements in bond graph models

Energy can be represented as stored effort and stored flow. The energy corresponding
to stored effort is called generalized momentum, p, and the energy corresponding to the
stored flow is generalized displacement, ¢. Consequently, p and ¢ are called energy
variables, and constituent elements that store generalized momentum and displacement
in the bond graph framework are called inductors, /. and capacitors, C. respectively.
These ideal energy siorage element relations are shown by the tetrahedron of state (19)
in Fig. 1, and represent the reversible processes in nature. Because of their integrating
nature. the actual energy stored in these elements is a function of the initial value of
the energy they contain. Each initial value, therefore, introduces a degree of freedon in
the system and an additional dimension to the state vector. If the integral form cannot
be used, the stored energy value in the buffer is completely determined by the other
components in the system model. and the element does not introduce an additional
degree of freedom to the system.T Irreversible processes are represented by the dis-
sipative element, R, which generates entropy. In an isothermal environment, this flow
of energy to the thermal domain is not shown explicitly.

The R, C, and / elements exchange energy with other elements via ports. To connect
more than two basic elements together, a junction structure is required. Junctions
typically allow an arbitrary number of components to be connected together. They
preserve continuity of power by adhering to the generalized forms of Kirchoff’s current
and voltage laws. which define the two forms of junctions, 0- and 1-junctions, respec-
tively. Figure 2 illustrates the constituent equations of the two types of junctions.
Junction relations are instantaneous, i.e. they do not introduce temporal effects. Two
special types of junctions, or signal transformers: the transformer, TF. and the gyrator.
GY, complete the basic elements in the bond graph language. The transformer estab-
lishes a ratio between input and output efforts and its reciprocal between tlows. It can
be used as an impedance transformer in one physical domain, and as a class transformer
between domains (20). The gyrator operates similarly, by establishing a relation
between input effort and output flow, and its reciprocal between input flow and output
effort.

+In bond graph terminology, this buffer is then said to operate in derivative causality.
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F16. 2. Continuity of power across junctions is ensured by their constituent equations.

2.3. The model context
The first law of thermodynamics states that

“internal energy is conserved in processes taking place in an isolated system™ (8).

For a system to adhere to the first law it has to be isolated. Because a completely
isolated system is of little practical use, conservation of energy is achieved by explicitly
specifying energetic interaction with the environment. This represents the system con-
text and is modeled by sources and sinks of effort and flow, S. and S;, respectively.
When all interaction is specified the net change of energy in the system is governed by
the principle of conservation of energy. The change of energy in a system can be
attributed to losses by dissipation through resistive elements. This energy loss needs to
be modeled explicitly as a source of entropy in the case where it constitutes free energy.
Note that although conservation of energy is the most fundamental law of physics, it
is the hardest to enforce (21, 22), since only the significant interactions are captured by
the system model. An additional assumption in macrophysics is the constraint of power
continuity, which is based on the assumption of conservation of energy. It is observed
that energy cannot be annihilated at one point in a system and produced at the same
rate at another point. It has to traverse the intermediate space (7). Therefore, any
physical system not only conserves energy, but by nature is continuous in its signal
(power) variables, effort and flow.

2.4. Temporal character

The constituent equations of the basic elements can be categorized temporally as
either instantaneous or integrating. Algebraic relations are instantaneous; they are
embodied by resistive elements and junctions. Because of the nature of the time integral
relation, integrating effects evolve over time; they are associated with the buffer
elements, capacitances and inductances, that are independent, i.e. they impose
additional degrees of freedom on the system. Buffers that cannot be assigned an initial
value independent of the rest of the system, are dependent. Typically, this occurs when

e a source or sink is modeled to enforce a specific amount of stored energy on a
buffer (source-buffer dependency), or

e buffers are directly connected to each other without intervening dissipators between
them (buffer—buffer dependency).
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These two situations can be directly attributed to choices madc when designing the
system model. In the first case, component mechanisms that are assumed to have
insignificant effects with respect to the modeling task or scope are neglected and
buffer dependency only introduces additional loading effects. In the second case, the
dependent buffers most likely represent the same buffer effect. A lumped parameter

assumption can be imposed to replace the dependent buffers by an equivalent combined
buffer.

2.5. Summary

Bond graphs provide a powerful modeling formalism (4, 19, 23) for physical systems
which can be defined in terms of a small set of domain-independent physical mech-
anisms: the ideal sources (S, S.), an energy dissipation element (R), two energy storage
elements C and /, and pure lossless energy distribution elements, the 0- and 1-junctions
and transformers TF and gyrators GY. These mechanisms provide an elegant basis for
analyzing the continuous behavior of physical systems by inherently enforcing energy
conservation and power continuity constraints on system models. Moreover, they
provide an intuitive interpretation of energy flow and storage in a system, and can be
used to generate state space equations with state variables that are directly linked to
the system’s energy storage elements.

II1. The Nature and Effects of Discontinuities

This section introduces the background for modeling abstractions that lead to the
generation of discontinuous behavior. To systematically analyze the resultant mixed
continuous/discrete behavior of the system, a hybrid representation that includes bond
graphs and finite state automata is established. Discontinuous changes are modeled to
manifest as sequences of instantaneous switches that may produce changes in system
configuration, and, therefore, the relations among state variables. We establish the
invariance of state principle as governing the analysis of energetic behavior of the
system during discontinuous switchings, and the derivation of the initial state in a new
continuous mode of operation after the switchings.

3.1. The nature of discontinuities

Physical systems by nature are continuous. and discontinuities are artifacts of sim-
plifications and assumptions introduced into the system model. In general, dis-
continuities in behavior generation can be attributed to two abstraction phenomena:

o time scale abstraction, and
e phenomena or parameter abstraction.

The time scale for the actual nonlinear behavior of the system may be much faster
than the time scale at which system behavior needs to be analyzed. If system behavior
were explicitly modeled at this small time scale, appropriately positioned small energy
storage and dissipative effects have to be included in the system model. The ensuing
time constants may obscure or complicate the generation of the more gross (or abstract)
phenomena that are of interest, therefore. time scale abstraction techniques may need
to be introduced to focus on the more useful behaviors. Furthermore, small time
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FiG. 3. An ideal elastic collision between a rigid body and a very stiff floor.

constants cause steep gradients in system behavior, which results in numerical stiffness
problems when conventional simulation methods are used, or lead to the use of less
accurate implicit integration methods to avoid stiffness problems. For example, con-
sider a ball bouncing on a floor. When the ball on its downward trajectory hits the
floor, elastic compression of the floor, or the ball, or both, enables storage of the ball’s
kinetic energy as internal compression energy which eventually builds up a negative
force that imparts a negative velocity to the ball causing it to fly back upward. Therefore,
the velocity of the ball changes continuously, but starting from the point of impact, for
a short time interval, the velocity changes with a very steep slope. This is shown in Fig.
3 for a system where the ball is considered to be an ideal rigid body and the floor is
modeled to have a relatively large stiffness value. The effects of compression are
indicated by the ball and floor displacement becoming negative for a very short period
of time. During these periods the ball velocity undergoes a steep change from a negative
value (downward motion) to an equal and opposite positive value (upward motion).
When modeled in less detail, the velocity of the ball can be instantaneously negated. If
the interaction between the ball and floor is modeled as an ideal elastic collision the
overall behavior implies that the ball continues to bounce but with decreasing ampli-
tudes because of air resistance. To achieve simpler, but correct behavior generation,
the stiffness effects are abstracted into an instantaneous change in velocity and the
bouncing ball model combines continuous behavior components with abrupt or dis-
continuous behavior changes. Since the elasticity of the ball or floor is not abstracted






